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PREFACE 


With the advent of computers one needs algebraic structures 
that can simultaneously work with bulk data. One such 
algebraic structure namely n-linear algebras of type I are 
introduced in this book and its applications to n-Markov chains 
and n-Leontief models are given. These structures can be 
thought of as the generalization of bilinear algebras and bivector 
spaces. Several interesting n-linear algebra properties are 
proved. 

This book has four chapters. The first chapter just 
introduces n-group which is essential for the definition of n- 
vector spaces and n-linear algebras of type I. Chapter two gives 
the notion of n-vector spaces and several related results which 
are analogues of the classical linear algebra theorems. In case of 
n-vector spaces we can define several types of linear 
transformations. 

The notion of n-best approximations can be used for error 
correction in coding theory. The notion of n-eigen values can be 
used in deterministic modal superposition principle for 
undamped structures, which can find its applications in finite 
element analysis of mechanical structures with uncertain 
parameters. Further it is suggested that the concept of n- 
matrices can be used in real world problems which adopts fuzzy 
models like Fuzzy Cognitive Maps, Fuzzy Relational Equations 
and Bidirectional Associative Memories. The applications of 


these algebraic structures are given in Chapter 3. Chapter four 
gives some problem to make the subject easily understandable. 

The authors deeply acknowledge the unflinching support of 
Dr.K.Kandasamy, Meena and Kama. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 


Chapter One 


BASIC CONCEPTS 


In this chapter we introduce the notion of n-field, n-groups (n => 
2) and illustrate them by examples. Throughout this book F will 
denote a field, Q the field of rationals, R the field of reals, C the 
field of complex numbers and Z,, p a prime, the finite field of 
characteristic p. The fields Q, R and C are fields of zero 
characteristic. 


Now we proceed on to define the concept of n-groups. 


DEFINITION 1.1: Let G = G; UG) VU ... UG, (n = 2) where 
each (Gj, *;, e;) is a group with *, the binary operation and e; 
the identity element, such that G; # G, ifi #j, 1 <j, i<n. 
Further G; ¢ G; or G; ZG; ifi #j. Any element x € G would be 
represented as x = x; Ux? U... UX, where x; € G, i = 1, 2, ..., 
n. Now the operations on G is described so that G becomes a 
group. For x, y € G, where x =x); Ux? VU... UX, and y =y; Uy? 
Feta Wi Ke Vi 6 Gel = 12) ee N. 

SO = OPO WO) tO Oe S a OY) 

= (x) * yy) UX) * V2 CU... UX, a: 


Since each x; *; y; € G; we seex *y = (p; Up2 U... Up) where 
x; *;v; = p; for i = I, 2, ..., n. Thus G is closed under the binary 
operation *. 

Now let e = (e; Vez UV... Ue) where e; € G; the identity of 
G; with respect to the binary operation, *;, i = 1, 2, ..., n we see 
e*x =x *e =x forallx eG. e will be known as the identity 
element of G under the operation *. 

Further for every x = x; Ux? U.. UX, € G; we have 
x,'Ux5'U...U x! in G such that, 


ip AOL MOM On me tit aa. ane © am 
1 2 n 1 2 n 


ee 
LO Oe eg 
= 4 ey 
(e; Ver VU... Ve) =e. 
x! =X, es OD gRIX 


is known as the inverse of xX =x] UX? U... UXn. We define (G, 
* e) to be the n-group (n = 2). When n = 1 we see it is the 
group. n = 2 gives us the bigroup described in [37-38] when n 
> 2 we have the n-group. 


Now we illustrate this by examples before we proceed on to 
recall more properties about them. 


Example 1.1: Let G= G U G> U G; U G4 U Gs where G, = S3 
the symmetric group of degree 3 with 


b 2-3 
e7= 
23 
G> = (g | g° =e,), the cyclic group of order 6, G; = Zs, the group 
under addition modulo 5 with e; = 0, Gy = Dg = {a, b | a” = b* = 


1; bab = a}, the dihedral group of order 8, e, = 1 is the identity 
element of G, and G; = A, the alternating subgroup of S, with 


(3° 3. <4 
ec, = t 
EON DO BA 


Clearly G = 83 U GU Zs U Dg U Ag is a n-group with n= 5. 


Any x € G would be of the form 


f 2 3 ; i. fe 28? oA 
x= Ug U4Ub U ; 
Dod 3 13 4 2 


x = Ug VIUbYU 
2; \ 23 |e ee ee 


The identity element of G is 


Ay dee i} 2.354 
Ve, VOVU1LYU 
It, 2s “3 It Qe Sa 
=@)U17U &3 UG4U Cs. 


Thus G is a 5-group. Clearly the order of G is o(G;) x 0(G») x 
0(G3) x 0(G4) x o(Gs) =6 x 6x 5 x 16 x 12 = 34, 560. 

We see 0(G) < 0. Thus if in the n-group G; UG) U ... U 
G,, every group G; is of finite order then G is of finite order; 1 < 
i<n. 


Example 1.2: Let G = G; U Gy U G; where G; = Zio, the group 
under addition modulo 10, G2 = (g | g’ = 1), the cyclic group of 
order 5 and G; = Z the set of integers under +. 

Clearly G is a 3-group. We see G is an infinite group for 
order of G; 1s infinite. 

Further it is interesting to observe that every group in the 3- 
group G is abelian. Thus if G= G; UG U ... UG,, Is a n- 
group (n = 2), we see G is an abelian n-group if each G; is an 
abelian group; i= 1, 2, ..., n. Even if one of the G; in G is a non 
abelian group then we call G to be only a non abelian n-group. 


Having seen an example of an abelian and non abelian group we 
now proceed on to define the notion of n-subgroup. We need all 


these concepts mainly to define the new notion of linear n- 
algebra or n-linear algebra and n-vector spaces of type I. 


DEFINITION 1.2: Let G = G; UG) U... UG, be a n-group, a 
proper subset H —G of the form H = H, UH> VU... UH, with 
H; # G; or fe} but @ # H; CG; i = 1, 2, ..., n, H; proper 
subgroup of G; is defined to be the proper n-subgroup of the n- 
group G. If some of the H; = G; or H; = {e;} or H; = @ for some 
i, then H will not be called as proper n-subgroup but only as m- 
subgroup of the n-group, m <n and m of the subgroups H,; in G; 
are only proper and the rest are either {e;} or @, 1 Sj <n. 


We illustrate both these situations by the following example. 


Examples 1.3: Let G = G; U G U G; U Gy be a 4-group where 
G, = S4, Go = Zo group under addition modulo 10, G; = D2 the 
dihedral group with order 12 given by the set {a, b| a’ =b°= 1, 
bab = a} and G, = Z the set of positive and negative integers 
with zero under +. 

Consider H = H,; U H, U H3 VU Hy where H, = Ay the 
alternating subgroup of Sy, H2 = {0, 2, 4, 6, 8} a subgroup of 
order 5 under addition modulo 10. H3 = {1, b, b’, b’, b*, b’}; the 
subgroup of D), and Hy = {2n | n € Z} a subgroup of Z. Clearly 
H 1s a proper 4-subroup of the 4-group G. 

Let K = K, U Ky U Kz U Ky Cc G where Ky, = Ag, Ko = {0, 
5}, K3 = Dj. and Ky = Z. Clearly K is not a proper 4-subgroup 
of the 4-group G but only a improper 4-subgroup of G. 

Let T=T, UT, UT3U Ta Cc G where T, = Ag, T,= {0}, T3 
= and Ty, = {2n|n e€ Z}; clearly T is only a 2-subgroup or 
bisubgroup of the 4-group G. 


We mainly need in this book n-groups which are only abelian. 
Now in this section we define the notion of n-fields. 
DEFINITION 1.3: Let F = F; UF? v... UF, (n = 2) be such 


that each F; is a field and F; 4 F;, ifi #j and F; ZF; or F; ZF; 
1 Si, j Sn. Then we define (F, +, x) to be an-field if (F, +) is a 
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n-group and F; \ {0} UF> \ {0} U... UF, \ {0} is a n-group 
under x. 
Further 


apWa7 x. Cay) > (bp Ob; Ou Vb,)] 
MCRICH OU a Vey] 
= (a; + b) XC] U (ap + b») XC? VU... U (an + b,) xXCy 


and 


VG Oe CS Gey) Ap Oy SG} 
+ [(b; Ub, U... Ub,)]} 


= ¢, x(a; Ub) Uc2 x (az Vb) VU... Un X (An U by) 


for all a, b;, c; € F, i = 1, 2, ..., n. Thus (F, +, x) is an-field. 


We illustrate this by the following example. 


Example 1.4: Let F = Fi U F, U F3 U Fy where F; = Q, F2 = Zp, 
F3 = Z)7 and Fy = Z; F is a 4-field. 


Example 1.5; Let F= F, UF, UF; U F4U Fs U Fe where F, = 
Zo, F, = 23, F; = Z135 F4 = Z7, F; = Zi9 and F¢ = 2315 F is a 6- 
field. Let F =F, U F. U... U Fi, be a n-field where each F; is a 
field of characteristic zero, | <i <n, then F is called as a n-field 
of characteristic zero. 


Let F=F, UF. U... U Fm (m= 2) be a m-field if each field F; 
is of finite characteristic then we call F to be a m-field of finite 
characteristic. Suppose F = F; U F, U ... U F,, n = 2 where 
some F;’s are finite characteristic and some F;’s are zero 
characteristic then alone we say F is a n-field of mixed 
characteristic. 


Example 1.6: Let F =F, U F.U ... U Fs where F; = Q, F2 = Z7, 


F3 = Z>3 and Fy = Z;7 and Fs; = Z> be a S5-field. F is a 5-field of 
mixed characteristic. 
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Example 1.7: Let F=F, UF, U... U Fe =Z4 VD RUZ, UQU 
RU Z;. Clearly F is not a 6 field as F, = Fs. We need each field 
F; to be distinct, | <i<n. 


Note: Clearly F; U F2 U F3=QUR U Zp Is not a 3-field as QC 


R. Because we need in this case also as in case of bistructures 
non containment of one set in another set. 
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Chapter Two 


n-VECTOR SPACES OF TYPE | 
AND THEIR PROPERTIES 


In this chapter we introduce the notion of n-vector spaces and 
describe some of their important properties. 

Here we define the concept of n-vector spaces over a field 
which will be known as the type I n-vector spaces or n-vector 
spaces of type I. Several interesting properties about them are 
derived in this chapter. 


DEFINITION 2.1: A n-vector space or a n-linear space of type I 
(n = 2) consists of the following: 


1. a field F of scalars 
2. asetV=V,UV2vV... UV, of objects called n-vectors 
3. a rule (or operation) called vector addition; which 
associates with each pair of n-vectors a = 0; U@2 U... U 
On BP = Br Up. UV... UBy EV =ViUV2U...UVy at B 
= Gi Ua? VU... Ay) a (Bi fo CS oe, UB, = (a) oe Bi UA? 
+ fp VU... UGn + B,) € V called the sum of a and B in such 
away 
a. at+pP=f +4; ie., addition is commutative (a, fh € V). 
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b. at+(BP+y) =(a+t f) +», i.e. addition is associative (a, 
Bey). 

c. There is a unique n-vector 0, =O VOU... UVOEV 
such that a + 0, =a for all a € V, called the zero n- 
vector of V. 

d. For each n-vector @ = @; Ud) U... UG, © V, there 
exists a unique vector — @ = —Q; U-2 U... U-O&, EV 
such that a + (—a) = 0, 

e. A rule (or operation) called scalar multiplication which 
associates with each scalar c in F and a n-vector a in V 
=V, UVi”VU... UV, an-vector ca in V called the 
product of c and a in such a way that 


1. L.a = 1. (a; UQ)V... Udy) 
la, V1.a2 VU... U1, 
A, VU... UG, 

= @ 
for every n-vector a in V. 


2. (Cj). C2).4 = C}.(C2 OG) for all c}, C7 E F anda € Vie. ifa, VU 
7 U... Ua, is the n-vector in V we have 


(Cj. C7).A = (C}. Cr) (A1 UG? VU... UA) 
= ¢,[c2:((a; Va? VU... Ua] 
C1 [C20, U C202 U... UC2Ay/ 


= ¢,[c2a]. 


3.c(a + B) =c.a+ c.f for alla, B € V and for allc € Fi.e., if 
A) UA? VU... UG, and B; UB2 U... UB, are n-vectors of V then 
for any c € F we have 


catP = cla; Var Vv... Va) + (fp; UP VU... UB] 
= c/a, + fp) Ua; + po UL... OB] 

(c(a; + By) Uc(az + By) VU... C(Ay + B,)] 

(CO) UCA? UV... VCO) + (CBy UCB, U... UcB,) 

= cat cf. 


4. (c; +C7).a=cjatoa  forallc),c. eF anda eV. 
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Just like a vector space which is a composite algebraic 
structure containing the field a set of vectors which form a 
group, the n-vector space of type I is a composite of set of n- 
vectors or n-group and a field F of scalars. V is a linear n- 
algebra or n-linear algebra if V has a multiplicative closed 
binary operation “.” which is associative i.e.; ifa, B EV, af € 
V, thus if a = (a; Vaz VU... UG) and B = (6; Up, UV... UB) € 
V then if 


Op = POCO Wa) G6 ORs Cas COBY 
= (0;.B; Va2.p2 VU... UOn-B,) EV 


then the linear n-vector space of type I becomes a linear n- 
algebra of type-l. 


Now we make an important mention that all linear n-algebras of 
type-I are linear n-vector spaces of type-I; however a n-vector 
space of type-I over F in general need not be a n- linear algebra 
of type I over F. 


We now illustrate this by the following example. 


Example 2.1: Let V = V,; U V2 U V3 U V4 where V, = Q[x] the 
vector space of polynomials over Q. V2 = Q x Q, the vector 
space of dimension two over Q, 


fe 


the vector space of all 2 x 2 matrices with entries from Q and 


dB <c 
V4 = 
(; e. f 
be the vector space of all 2 x 3 matrices with entries from R 


over Q. Thus V is a linear 4-vector space over Q of type-l. 
Clearly V is not a linear 4-algebra of type-I over Q. 


areas} 


snedster| 
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Now we give yet another example of a linear n-vector space of 
type-I. 

Example 2.2: Let V=V,;U V2U V3U V4U Vs be a 5-vector 
space over Q of type-I, where V,; = Q[x], the set of all 


polynomials with coefficients from Q is a vector space over Q. 
V,=Qx Rx Q isa vector space over Q, 


ab ve 
V3>= d e f a,b,c,d,e,f,g,h,ieQ 
g¢ hi 


is a vector space over Q, 


a,b,c,d,eR 


oo FT OS 
oa Oo OS 
a co Oo & 


is a vector space over Q and Vs; = R is a vector space over Q. 
Clearly V=V,U V2U V3U V4U Vs is a linear 5-vector space 
of type-I over Q. Also V is a linear 5-linear algebra over Q. 
Thus we have seen from example 2.1 that every vector n-space 
of type-I need not be a linear n-algebra of type-I. Also every 
linear n-algebra of type-I is a linear n-vector space of type-I. 


Now we can also define the notion of n-vector space of type-I in 
a very different way. 


DEFINITION 2.2: Let V=V,; UV Uv... UV, (n = 2) where each 
V; is a vector space over the same field F and V;# V;, ifi#j 
and V; ZV; and V; ZV; ifi #j, 1 <i, j <n, then V is defined to 
be a n-vector space of type-I over F. 

If each of the V;’s are linear algebra over F then we call V 
to be a linear n-algebra of type-I over F. 
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Now we proceed on to define the notion of n-subvector space of 
the n-vector space of type-I. 


DEFINITION 2.3: Let V = V,; UV. VU... UV, (n = 2) be a n- 
vector space of type I over F. Suppose W =W, UW2 vu... UW, 
(n => 2) is a proper subset of V such that each W; is a proper 
subspace of the vector space V; over F with W;# V;, W;# gor (0) 
such that W;# W,or W,; <W,or W, ZW; ifiF#j, 1 Si, j <n, then 
we define W to be an-subspace of type-I over F. 


We now illustrate it by the following example. 


Example 2.3: Let V = V, U V2 U V3 where V;=R x R, a vector 
space over R and V2 = R[x] a vector space over R and 


was 


a vector space over R 1.e., V is a 3-vector space of type-I over 
R. Let W=W,U W2U W3C V= VU Vo U V3 where 


sheder|, 


Ww, =Rx {0} CV, 


one > x2 


i=0 


a 0 
W3 = 
i. 
Clearly W is a3 subspace of V of type-I. Suppose 


T=Rx {0} URU {3 ‘ 
0 b 


then T is not a 3-subspace of type-I as R x {0} and R are same 
or RCR x {0}. 


reRhew, 


uber}cv, 


sbeR}c Vi UV2U V3, 
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Now we proceed on to define the notion of n-linear dependence 
and n-linear independence in the n-vector space V of type-I. 


DEFINITION 2.4: Let V = V; UV) U ... UV, be a n-vector 
space of type-I over F. Any proper n-subset S < V would be of 
the form S = S; US) UV... US, CV, UV U... WV, where bF# 
S; contained in V;, 1 <i <n. S; a proper subset of V;. If each of 
the subsets S; < V; is a linearly independent set over F for i = 1, 
2, ..., n then we define S to be a n-linearly independent subset of 
V. Even if one of the subset S; of V;,is not a linearly independent 
subset of V;.for some 1 <k <n then we call the n-subset of V to 


be a n-linearly dependent subset or a linearly dependent n- 
subset of V. 


Now we illustrate this situation by the following examples. 


Example 2.4: Let V=V; U V2 U V3 U V4 be a 4- vector space 
over Q, where V, = Q[x], V2 = Q x Q x Q; V3 = { the set of all 2 
x 2 matrices with entries from Q} and V4, = [the set of all 4 x 2 
matrices with entries from Q, are all vector spaces over Q. Let S 
=S$,US, U8; U Sy be a4 subset of V, 


and 
0 2//1 O/1/0 O 
1 O;{O0 2//0 O 
Sy = ’ ’ 
0 O;/0 O1/7 3 
3 O/;|0 1L//0 1 


Clearly we see every subset S; of V; is a linearly independent 
subset, for i = 1, 2, 3, 4. Thus S is a 4- linearly independent 
subset of V. 
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Example 2.5: Let V = V, U V2U V3 be a 3-vector space over R 
where V; = R[x], V2 = {set of all 3 x 3 matrices with entries 
from R} and V;=RxRxRxR. Clearly V;, V2 and V3 are all 
vector spaces over R. LetS=S;US,US3;C Vj U V2U V3= V 
be a proper 3-subset of V; where 


S, = {x°, 3x7 +7, x}, 


6 0 0)(/0 1 -2 
S.o=4/0 0 3),1 0 1 
1 1 0O)/\O0 7 O 
and 
S3 = {3 100),(0721),(56111),(089 1), (213 0)}. 


We see S; is a linearly dependent subset of V; over R and S,is a 
linearly independent subset over R and 8S; is a linearly 
dependent subset of V3 over R. Thus S is a 3-linearly dependent 
subset of the 3-vector space V over R. 


Now we proceed onto define the notion of n-basis of the n- 
vector space V over a field F. 


DEFINITION 2.5: Let V =V; UV2 U... UV, be a n-vector space 
over a field F. A proper n-subset S = S; US) Vv... S, of V is 
said to be n-basis of V if S is a n-linearly independent set and 
each S; CV; generates V,, i.e., S; is a basis of V;, true for j = 1, 
2, ..., n. Even if one of the S; is not a basis of V; for 1 Sj <n 
then S is not a n-basis of V. 


As in case of vector spaces the n-vector spaces can also have 
many basis but the number of base elements in each of the n 
subsets is the same. 

Now we illustrate this situation by the following example. 
Example 2.6 : Let V=V,U V2U V3U V4 be a 4-vector space 


over Q. V; = {all polynomials of degree less than or equal to 5}, 
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V.=QxQxQ, V3 = {the set of all 2x2 matrices with entries 
from Q} and Vz=Q x Q x Q x Q x Q are vector spaces over Q. 
Now let 

B = B,U Bo.U B3U By, 

{1, x, x7, x°, x4, x} U {(100), (010), (02 1} U 


cite: Sede soe ies * 00001),(000 
1 0/0 O)}'0 1/0 Oo en ds 


10), (00100), (01000), (10000)} 
ECV,U V2U V3U V4= V. 


B is a 4-basis of V as each B; is a basis of V;;1= 1, 2, 3, 4. 


Example 2.7: Let V=V,U V2U V3U V4U Vs be a 5-vector 
space over Q where V; = R, V2 =Q x Q, V3 = Q[x], V4a=RxR 
x R and Vs = {set of all 2x2 matrices with entries from Q}. 
Clearly V;, V2, V3, V4 and Vs are vector spaces over Q. We see 
some of the vector spaces V; over Q are finite dimensional 1.e., 
has finite basis and some of the vector spaces V; have infinite 
number of elements in the basis set. We find means to define the 
new notion of finite n-dimensional space and infinite n- 
dimensional space. To be more specific in this example, V, is an 
infinite dimensional vector space over Q, V> and V3 are finite 
dimensional vector spaces over Q. V, 1s an infinite dimensional 
vector space over Q and V; is a finite dimensional vector space 
over Q. 


DEFINITION 2.6: Let V=V; UV2 Vv... UV, be a n-vector space 
of type-I over F. If every vector space V; in V is finite 
dimensional over F then we say the n-vector space is finite n- 
dimensional over F. Even if one of the vector space V; in V is 
infinite dimensional then we say V is infinite dimensional over 
F. We denote the dimension of V by (nj, nz, ..., Nn); n; dimension 
of V;,i=1, 2, ..., Nn. 


We illustrate the definition by some examples. 
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Example 2.8: Let V = V,U V2U V3 be a 3-vector space over Q, 
where V, = Q[x], V2 = {set of all 2x2 matrices with entries from 
Q} and V3 = Q the one dimensional vector space over Q. 
Clearly 3-dimension of the 3-vector space over Q is (0, 4, 1). 
Thus V is an infinite 3-dimensional space over Q. 


Example 2.9: Let V=V,U V2 U V3 U V4 be a 4-vector space 
of type-I over Q. Suppose V, = {set of all 2 x 2, matrices with 
entries from Q}; V2 = Q x Q x Q a vector space over Q, 
V; = {All polynomials of degree less than or equal to 7 with 
coefficients from Q} and V4 = {the collection of all 5 x 5, 
matrices with entries from Q}, we see Vj, V2, V3 and V4 are 
vector spaces over Q. The 4-dimension of V is (4, 3, 8, 25), so, 
V is finite 4-dimension 4 vector space over Q of type-I. 


Having seen sub n-spaces, n-basis and n-dimension of n-vector 
spaces of type-I now we proceed on to define the notion of n- 
transformation of n-vector space of type-I. 


DEFINITION 2.7: Let V = V; UV) vu... U V,, be a n-vector 
space over a field F of type-I and W =W, UW, VU... UW be 
another m-vector space over the same field F of type I, (n Sm) 
(m = 2) and (n = 2). We call Ta n-map if T=T, UT) VU... VU 
T,: V > W is defined as T;: Vi; > W;, 1 Si <n, 1 <j <m for 
every i. If each T; is a linear transformation from V; to W;, i = 1, 
2, .., n, 1 Sj <n then we call the n-map to be a n-linear 
transformation from V to W or linear n-transformation from V 
to W. No two V;’s are mapped on to the same W,, 1 Si Sn, 1 Sj 
sm. Even if one of the T; is not a linear transformation from V; 
to W; then T is not a n-linear transformation. 


We will illustrate this by the simple example. 


Example 2.10: Let V = V, U V2 U V3 be a 3-vector space over 
Q and W = W, U W2U W3 U W, be a 4-vector space over Q. V 
is of finite (3, 2, 4) dimension and W is of finite (4, 3, 2, 4) 
dimension. T: V > W be a 3-linear transformation defined by T 
=T, UT, UT3: Vy U V2 U V3 @ WU WU W3U Waas 
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T,: Vi > W; given by 
1 1 1) _ 1 1 1 1 1 1 1 1 
T, (a;,a,,a,) =(a, +a,,4,,a, +a,,a, +a, +a;) 


T2:V>2 > W3 defined by 
T, (a;,a5) = (a; +a5,a7) 


and T; : V3 — W4defined by 
i ee ee a ee ae 3 
T,(a;,43,43,a,) =(a,,a4,a,,a; +45), 


clearly T is a 3-linear transformation or linear 3-transformation 
or linear 3 transformation of V to W; i.e. from 3-vector space V 
to 4-vector space W. 


It may so happen that we may have a n-vector space over a field 
F and it would become essential for us to make a linear n- 
transformation to a m-vector space over F where n>m. In such 
situation we define a linear n-transformation which we call as 
shrinking linear n-transformation which is as follows. 


DEFINITION 2.8: Let V be a n-vector space over F and W a m- 
vector space over Fn > m. The shrinking n-map T from V = V, 
UV, VU... UV, toW =W, UW? VU... UW,, is defined as a map 
from V to Was follows T= T; UT Vv... UT, with T; : Vi > W; 
; 1 Sisnand1 <j Smwith the condition T; : V; > W; where j 
may be equal to k. i.e. the range space as in case of linear n- 
map may not be distinct. 

Now if T;: V; > W,; in addition a linear transformation then 
we call, T= T,; UT, VU... UT, the shrinking n-map to be a 
shrinking linear n-transformation or a_ shrinking n-linear 
transformation. 


We illustrate this situation by the following example. 


Example 2.11: Let V=V,;U V2U V3U V4U Vs be a 5-vector 
space defined over Q of 5-dimenion (3, 2, 5, 7, 6) and W = W, 
U WU W; be a 3-vector space defined over Q of 3-dimension 
(5, 3, 6). T=T,; UT2U...U Ts: V— W can only be a 
shrinking 5-linear transformation defined by 
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T,: Vi 7 W;y 


Ts: V2.5 Wi. 

T3 ; V3 —> Wo, 

T,: V4 W;3 
and 

T;:V5;> W; 
where 


ts es ee ah Lh ek i 238i 
T(X},X2,%3) = (K; + X,,X3,X7,X_ +X3,X; + X3,X;) 


1 1 1 
where x,,X,,X; €V,, 


2G J PED 02 a AG oe PD 
T, (X; X35) = (y+ X5,%5,X) +X3,X],X5), 


2022, 
where x, ,x; €V,, 


Be 8 8 IRs oS Le wt 
T, (X} 5X3 5X3.%4oX5) = (Ky +Xz,X + X3,X4 + Xs) 


333 3° 253 3 
where x;,X5,X3,X, and x; €V,, 


4 4 4 4 4 4 4 

TeX sXoeh oy ha Rook eek) 
ee ee 4 4 4 4 4 4 4 _4 44 4 
= (XK; EK Ry RyRy PRR, Phe Xe PR Ke PR) 


4 4 4 
for all x, ,x,,....x, € V, and 


5 5 5 5 5 Se 5 5 5 5 5 5 
EC aoa hohe Seo Xe) = (X},X5,X3 + X4,X5,X;) 


5 5 5 
TOF AK ying e Ves 


Clearly T is a shrinking linear 5 transformation. 


Note: It may be sometimes essential for one to define a linear n- 
transformation from a n-vector space V into a m-vector space 
W, m>n where all the n spaces of the m-vector space may not 
be used only a set of r vector spaces from W may be needed r < 
n < m, in such cases we call the linear n-transformation as a 
special shrinking linear n-transformation of V into W. 


We illustrate this situation by the following example. 
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Example 2.12: Let V = V, U V2 U V3 be a 3-vector space over 
Q and W = W,U W2U W3 U WU Ws be a 5-vector space over 
Q. Suppose V is a finite 3-dimension (3, 5, 4) space and W be a 
finite 5-dimension (3, 5, 4, 8, 2) space. Let T=T,;UT2U T3: V 
— W be defined by Ti: Vi7 Wi, To: V2 > W3, T3: V3 > W,as 
follows; 

T,(X},X20%5) =(X] + Xp,X) +X55Xp) 


1 1 1 
for allx,,x,,x,; € V,; 


DOF ee oO Oe Be 19s LD a 
T,(X},X3,%3,X4,X5) =(X3,X],X3 +X5,X4) 


2 2 2 Qe fad 
for all x;,x3,X3,X%4,X5 € V,, 


ey ee ene ER eS 
T, (X] ,X35X3.%q) = (Kj, +XQ,X4 + X1,X_ + Xz) 


for all x},x3,x} andxj in V3. 


Thus T:V — W is only a special shrinking linear 3- 
transformation. 


DEFINITION 2.9: Let V be a n-vector space over the field F and 
W be an-vector space over the same field F. T= 1, UT) VU... U 
T, is a linear one to one n transformation if each T; is a 
transformation from V; to W; and for no V; we have T;: Vi > W; 
i.e. no two distinct domain space can have the same range 
space. Then we call T to be a one to one vector space 
preserving linear n-transformation. 


We just show this by a simple example. 


Example 2.13: Let V=V,U V2 U V3 U V4 be a 4- vector space 
over Q and W = W,; U W2 U W;3 U W, be another 4-vector 
space over Q. Let V be of (3, 4, 5, 2) finite 4 dimensional space 
and W a (2, 5, 6, 3) finite 4-dimensional space. Let T = T; U T 
UT3U Ty V=a VLU V2U V3U V4 2D WU W2U W3U Ws 
given by T,: Vi ~ W> : T>: V2. > W;3 : T3: V3 > Wa, and Ta: Va 
— W, where T,, T2, T3 and T, are linear transformation. Clearly 
T is a linear one to one 4-transformation. 
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Note: In the definition 2.9 it is interesting and important to note 
that all T;’s need not be 1-1 linear transformation with dim V; = 
dim Wj if Tj: Vi > Wj te., Tj’s are not vector space 
isomorphism for 1 = 1, 2, ..., n. Now we give a new name for a 
n-linear transformation T: V — W where T= T,; UT2U... U 
T, with each T; a vector space isomorphism or Tj is 1-1 and onto 
linear transformation from Vj to Wj, 1 <i<n,1<j<n. 


DEFINITION 2.10: Let V and W be n vector spaces defined over 
a field F. We say V and W are of same n-dimension if and only 
if n-dimension of V is (nj, ..., Nn) then the n-dimension of W is 
just a permutation of (n;, N2, «.. , Ny). 


Example 2.14: Let V = Vi; U V2 U V3 U Va U Vs be a 5- 
dimension vector space over R of 5-dimension (7, 2, 3, 4, 5). 
Suppose W = W, U W2U W3U Wy VU Ws is a 5-dimension 
vector space over R of 5-dimension (2, 5, 4, 7, 3) then we say V 
and W are of same 5-dimension. If X = X; U X)U X3U X4U 
Xs 1s a 5-vector space of 5-dimension (2, 7, 9, 3, 4) then clearly 
X and V are not 5-vector spaces of same dimension. So for any 
n-dimensional n-vector space V we have only |n number of n- 


vector spaces of same dimension including V. 
We just show this by an example. 


Example 2.15: Let V = V,U V2U V3 be a 3-vector space of 3- 
dimension (7, 5, 3). Then W, X, Y, Z and S of 3-dimension (5, 
7, 3), (5, 3, 7), (7, 3, 5), (3, 5, 7) and (3, 7, 5) are of same 
dimension. 


In view of this we have the following interesting theorem. 
THEOREM 2.1: Let V be a finite n-dimension n-vector space 
over the field F of n-dimension (nj, nz, ..., Ny), then their exist 


|n finite n-dimension n-vector spaces of same dimension as that 
of V including V over F. 


2D 


Proof: Given V is a finite n-vector space of n-dimension (nj, no, 
..., Mn) Le. each 1 <n; < © andi#j implies nj# nj we know two 
n-vector spaces V and W are of same dimension if and only if 
the n-dimension of one (say V) can be got from permuting the 
n-dimension of W, or vice versa. Further from group theory we 


know for a set (1, 2, ..., n) we have |n permutations of the set 
(1, 2, ...,n). Thus we have |n n-vector spaces of dimension (n, 
Ny, ..., Dn). 


Note: If we have a n-vector space of n-dimension (m,, mp, ..., 
m,) with some m;# nj, 1 <i <n then we get another set of [n n- 
vector spaces of n-dimension (m);, mM), ..., m,) and all its 
permutations. Clearly this set of m-vector spaces with n- 
dimension (nj, no, ..., N,) are distinct from the n-vector spaces 
of n-dimension (mj, m2, ..., M,). From this one can conclude we 
have infinite number of n-vector spaces of varying dimensions. 
Only same n-dimension vector spaces can be n-isomorphic. 


DEFINITION 2.11: Let V and W be n-vector spaces of same 
dimension. Let n-dimension of V be (nj, nz, ..., Ny) and that of W 
be (nz Nz, Ny «..., Ns) i.e. let V=V, UV UU... UV, and W = W, 
UW,VU... UW, A linear n-transformation T = T; VT? VU... U 
T, - V > W is defined to be a n-vector space linear n- 
isomorphism if and only if T; : V; > W; is such that dim V; = 
dim W;; I Si, j Sn. 


We illustrate this situation by an example. 


Example 2.16: Let V=V,U V2U V3 U V4 U Vs and W = W, 
U W2 U W3 U Wy U Ws be two 5-vector spaces of same 
dimension. Let the 5-dimension of V and W be (3, 2, 5, 4, 6) 
and (4, 2, 5, 3, 6) respectively. Suppose T = T; U T2 U T3 U Ty 
UTs: V>W given by T,(V1) = Wa, T2(V2) = W>, T3(V3) = W;3, 
T4(V4) = W, and T;(Vs5) = Ws; then T is a one to one n- 
isomorphic, n-linear transformation of V to W (n = 5). Suppose 
P: V > W where P = P; U Po U P3 U Py U Ps given by P;:V, 
> Wo, P.: V2 > W3, P3: V3 > Ws, Pa: V4 > Ws, and Ps: V5 > 
W, the linear transformation so that P is a 5-linear 
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transformation from V to W. Clearly P is not the one to one 
isomorphic 5-linear transformation of V. P is only a one to one 
5-linear transformation of V. 


Now having seen different types of linear n-transformation of a 
n-vector space V to W, W a linear n-space we proceed on to 
define the notion of n-kernel of T. 


DEFINITION 2.12: Let V=V,; UV, vu... UV, be a n-vector 
space over the field F andW = W, UW? Vv... UW, be a m- 
vector space over the field F. Let T= 1, UT, VU... UT, be n- 
linear transformation of T from V to W defined by T;: V; > W;; 
1 $i <nand1Isj <m such that no two domain spaces are 
mapped on to the same range space. The n-kernel of T denoted 
by ker T = ker T; UkerT> v... UkerT,, where 
ker T; = {V EV; |TV) =O, i=1,2, 0.07. 
Thus 
ker IV, aa, 0) EV OV Gi GV NIWS V  eV) 
=TW') UTW) Oc UTV) = 0 0 &... UO). 


It is easily verified that Ker T is a proper n-subgroup of V. 
Further Ker T is a n-subspace of V. 


We will illustrate this situation by the following example. 


Example 2.17: Let V = V,U V2U V3 be a 3-vector space over 
Q of 3-dimension (3, 2, 4). Let W = W; U W2U W3U W, be a 
4-vector space over Q of 4-dimension (4, 3, 2, 5). Let T=T, U 
T, UT3: V > W be a 3-linear transformation given by 


T1:V, 2 Wa, 
Mc i. 1 1 ee ee 1 1 
T,(X%1,%_,%3) = (%, + X%,%35,%1,%1 + X3,%>) 


1 1 1 
for all x,,x,,x, €V,, 
Ker 1, = 4h, ms) NG sk) = Oe 05, =0,, 


1 1 Dynes 1 De nes 
x, =0 and x,+x,=Oand x,+x,=0} 


ZT 


Thus ker T, = {(0, 0, 0)} is the trivial subspace of V;, 
Tz: V2 > W3, T,(x7,X5) = (x; +X3,X7) 
for all x/,x; €V,. 
ker T: = {(x},X2)|T(x}.x2)=@} 


ie. x; +x5=Oand x; =0 which forces x3 =0. Thus ker T; = 
{(0 0)}. 
Now 
T3: V3; > W, 
given by 
Ty (X},%35X3,%q) = (Xp +X2,X35X4,X3 + X4) 
forall x;,x3,x;,X; € V;- 
Now ker T; gives 
Kx, =0,. x)= 0, x = 0, x 4x7 S00: 
This gives the condition x} =—x} and x} =x}; =0. Thus 
ker T3= {(x},-x;,0,0)}. 
Thus a subspace of V3. Hence we see the 3-kernel of T is a 1- 
susbspace of V ie. ({(0 0 0 0) U (0 0) U (x},—-x;,0,0) }). We 
can define kernel for any n-linear transformation T be it a usual 
n-linear transformation or a one to one n-linear transformation. 
It is easily verified that for any n-vector space V=V,UV2U ... 
U V, and any m-vector space W = W, U W2vU ... U Wy over 
the same field F. Suppose T: V — W is any n-linear 
transformation from V to W then ker T = ker T; U ker Tou ... 
U ker T, would be always a t-subspace of V as each ker T; is a 
subspace of V;,1= 1, 2, ..., n. It may so happen that some of the 
ker T; may be the zero space in such case we will call the 
subspace of V only as a t-subspace of V where 1 < t < n. If all 
the subspaces given by ker T; is zero then we call ker T to be the 
n zero subspace of V;1= 1, 2, ..., n. 


Now we proceed on to give some more results in case of n- 
vector spaces and their related linear n-transformation. 


DEFINITION 2.13: Let V=V; UV, vu... UV, be a n-vector 
space over a field F of type-I. Let T= T; UT, VU... UT, : V > 
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V be a linear n-transformation of V such that each T;: V; > V;, i 
= 1, 2, ..., n. i.e, each T; is a linear operator on V; then we 
define T= T, UT) VU... UT, to be a n-linear operator on V. 
Clearly all n-linear transformations need not be n-linear 
operator on V. Thus T is a n-linear operator on V if and only if 
each T; is a linear operator from V; to V;, 1S i Sn. 


This is the marked difference between the linear operator on a 
vector space and a n-linear operator on a n-vector space. All n- 
linear transformations from the n-vector space V to the same n- 
vector space V need not always be a n-linear operator. 


We illustrate this situation by the following example. 


Example 2.18 : Let V=V,U V2U V3U Vz be a 4-vector space 
over Q of 4-dimension (5, 4, 2, 3). Let T=T,; UT, UT3 UT4: 
V > V be a 4-linear transformation given by T;: V; > V2, To: 
Vi—-> V3, T3: V3; > Va and Ty: V4 > Vi. Clearly none of the 
linear transformation T;’s are linear operators for they have 
different domain and range spaces; 1 = 1, 2, 3, 4. So T though is 
on the same n-vector space V still T is a linear n-transformation 
and not a linear n-operator on V, where n = 4. 

Suppose we define a 4-linear transformation P = P; U P, U 
P30 PQ: V5 V defined by Pi: Vi 7 Vib P.: Vi> V>, P3: V3 
— V3, and Py: V4 — V4, clearly the 4-linear transformation P is 
a 4-linear operator of V. 


The above example shows the reader that in general a n-linear 
transformation of a n-vector space V need not in general be a n- 
linear operator on V. But of course trivially every n-linear 
operator on V is a n-linear transformation on V. 


We have the following result in case of finite n-dimensional n- 
vector spaces over the field F. 


THEOREM 2.2: Let V=V,; UV2 VU... UV, and W = W, UW, Vv 
. UW,, be any two n-vector spaces over the field F. Let B = 
(Gi Opi VO OF G5 tis NOOO Oe) be va 
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n-basis of Vj UVV2 VU... UV ie., (G03, ) is a basis of V; 
i=1,2,...,n. Let 

C= {Bi Be 0-0 BIG Bs sr Be) AB Bis BD 
be any n-vector in W = W, UW, Vv... U W,, then there is 
precisely only one linear n-transformation T = T; UT; vu... VT, 
from V on to W such that Ta, = B', j=1,2,...,n, 1<i<n. 


Proof: To prove that there is some n-linear transformation T 
with T(B) = C, it is enough if we show for the T= T; U Thu... 
U T, we have To, =Bi, i=1,2,...,n andj = 1, 2, ..., nj. 
Given (a',q,...,a')in V; there is a unique n; tuple 
(xi,x},...,X_,) such that a’ =xia!+xia}+...+x\al, for this 
vector a' we define 
Tia’ = xii + x5 Bi) +...4x) Bi 
true for each 1;1= 1, 2, ..., n. 


Clearly T; is a well defined rule for associating with each vector 
a in V; a vector T; a in W;. From the definition it is clear that 


T,ai=B; for each j. To see that T; is linear; let B' = 
yiai +y,a,+...+y'al be in V; and ¢; be any scalar. 


T(c,a' +B')=(¢,x; + y,)B, +--+ (ex, + Ys, Bs, - 
On the other hand, 


¢,(T; (a'))+ T,(B') = cx B: se dD y'B; 
jal =I 
= Yeox\ +y)B 
ial 


and thus T;( cja' + B') = c(T;a') + T; B' true for each i; i = 1, 2, 
.. 2 If U =U, UU... U U; is a linear n-transformation 
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from V on to W with U,a;=8;,j = 1, 2, ..., nj and true for each 
i;i=1,2,...,n. then for the vector a' = }’x'a; we have 
jal 


U,a' =U, o xa) 
jel 


true for each and every 1; 1 = 1, 2, .., n. Thus U; is exactly the 
rule T; i= 1, 2, ... ,n hence U is exactly the rule T which we 
have defined. This shows the n-linear transformation T = T, U 
T, U... U Tyis unique. 


Having defined n-kernel of a n-linear transformation T we now 
proceed on to define the n-range of the n-linear transformation 
T=T,;UT2U... UT». 


DEFINITION 2.14: Let T= 7, UT, vu... UT, be a n-linear 
transformation from the n-vector space V = V; UV2 VU... UV, 
in to another m-vector space W, m > n. The range of T is called 


the n-range of T denoted by R-, is a p-subspace of W p < m 
that is R7= {B= Bi Uf Vv... UBn © W} such that B = T(a) 
for some @= a, U@U... UG, in V. Clearly if B, y € R; and c 
any scalar, then there are n-vectors a, 6 in V such that Ta = B 
and TB = y. Since T is n-linear. 
T(ca+0) = cTat+To 
= CBr fs 
which is in R;. Now V and W be any two n-vector space and m 
vector space respectively defined over the field F and let T = T, 


UT) VU... UT, be a linear n-transformation from V into W. The 
n-null space T is an Set of all n-vectors a in V such that 
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Ta = T(a;VUa2 Vv... UA) 
= (T,UT)Y... UT, (a; Van... Uy) 
Ta); VT 902 VU... UT, 

= OOO 0. 
If the n-vector space V is finite n-dimensional, the n-rank of T is 
the n-dimension of the n-range of T and will vary depending on 
the nature of the n-linear transformation like if T is a shrinking 
n-linear transformation, it would be different and so on. 


Now we can prove the most important theorem relating the n- 
rank of T and n-nullity of T for a n-linear transformation only as 
for other n-linear transformation like shrinking n-linear 
transformation the result in general may not be true. 


THEOREM 2.3: Let V and W be two n-vector space and m- 
vector space over the field F, m > n and let T is be linear n- 
transformation i.e. T= T; UT) U... UT, from V to W is such 
that T;; Vi; > W; and the W;,’s are distinct spaces for each T,, i.e. 
no two subspaces of V are mapped on to the same subspace in 
W. Suppose V is (nj, nz, ... , Ny) finite dimensional, then n rank T 
+ n nullity T =n dim V. 


Proof: Given V=V,U V2 U ...U Vy is a n-vector space over F 
and W = W,; U W2 LU... U W, is a m-vector space over F (m > 
n) of dimensions (nj, no, ..., My) and (m;, mo, ..., my) 
respectively. T=T, UT, U... UT), 1s a n-linear transformation 
such that each T; is a linear transformation from V; to a unique 
Wj, i.e. no two vector spaces V; and V; can be mapped to same 
W,, 1f1#k; 1 <i,k <nand 1<j<m.Nown-rank T + n nullity 
T=ndim W 
ie. n-rank (T; UT, U... UT,) + n nullity of (T; U T2 UU... U 
Tn) =n dim (V; U V2 U...U Vp). 
i.e. rank T; U rank T,U ... Urank T, + nullity T, U nullity T,U 
... Unullity T, = (dim V;, dim V2, ..., dim V,) = (m1, no, ..., Nn). 
Suppose N = N; UN vu... U Ny be the p-null space of the 
n-space V;0 <p <n. Let 


nen 1 1 1 2 2 2, n n n 
a= {Chorney Ju(a, Oy yeep Oly )U..U (a sz pny Oly )} 
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be a n-basis for N. Here 0 <k, <nj;1=1,2,... ,n. Ifk; =0 then 
the corresponding null space is the zero space. Now we show 
the working for any 1; Tj: Vi — Wj. This result which we would 
prove is true for alli=1, 2, ..., n. 


Let eee, be a basis for N;, the null space of T;. There 


are vectors ©, ,,,-..,0, in Vi such that (Op sao, \ is a basis 


for V;; true for each 1; 1 = 1, 2, ..., n. We shall now prove that 
| Dili eiacesg Oy fA a basis for the range of T;. The vectors 


T,a|,T,a},...,1,a! certainly span the range of T; and since 
T,c1; =0 for j < kj we see that Tia, ,,,...,T,a,, span the range, to 


see that these vectors are linearly independent, suppose we have 
scalars c;’s such that 


> ca) a0: 
jek, +1 
This says that 
T,( >) c,0;)=0 
jek; +1 
and accordingly the vector 


is in the null space of T;. Since a’,a),...,a', form a basis for N; 


there must be scalars B',8},...,B' 


Nj 


Bia; — D Bia =0 


j=k, +1 


such that a' = > Ba. . Thus 


j=l 


Since ai,a),...,a/, are linearly independent we must have b) = 
= b= Cy =...= cl =0.Ifr; is the rank of T; the fact that 


Tj aut. ene Tj a, form a basis, for the range of T; tells us that 


r,= nj —k,, Since k; is the nullity of T; and n; is the dimension of 
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V;, we get rank T; + nullity T; = dim. V;. This is true for each 
and every i. That is 
(rank T, + nullity T,) U (rank T2 + nullity T2) U ... U (rank T, 
+ nullity T,,) 

= dim(V;UV2U...U Vn) 
Le., (rank T; U rank T, U... U rank T,) + (nullity T, U nullity 
T,U... Unullity T,) 

= dim (Vi;UV2U a U Vn) that is 
rank (T; UT, U... UT,) + nullity (T; U T2 UU... U Ty) 

= (nN), No, baie, Nn). 
nrank T+n nullity T=ndim V. 


Now in the relation 
n rank T + n nullity T= n dim (V) = (n;, my, ..., ny). 

We assume the n-linear transformation is such that it is not 
shrinking it is a n-linear transformation given in definition 2.12. 
Also we see if nullity T;= 0 for some 1 in such cases we have 
rank T;= dim V;. Since a p-nullspace in general need not always 
be a nontrivial subspace we may have the p-nullspace of the n- 
vector space be such that p < n. 


Now we proceed on to the algebra of n-linear transformations. 
Let us assume V and W are two n-vector space and m-vector 
space respectively defined over the field K. 


THEOREM 2.4: Let V and W be any two n-vector space and m- 
vector space respectively defined over the field F(m > n). Let T 
and U be n-linear transformations as given in definition from V 
into W. The n-function (T + U) defined by (T + U)a = Ta + Ua 
is a n-linear transformation from V into W, if c is any element 
from F, the function cT defined by (cT)a = cTa is a n-linear 
transformation from V into W. 

The set of all n-linear transformations from V into W with 
addition and scalar multiplication defined above is an n-vector 
space over the field F. 


Proof: Let V=V,; UV2U.... U V,, be a n-vector space over F 


and W = W; U W2 VU ... U Wy, (m>n) a m-vector space over F. 
T=T, UT, ”U... UT, a n-linear transformation from V to W. 
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If U =U, UU, vu ...U U, is a n-linear transformation from V 
into W; define the n-function (T + U) fora=a; Um U...U OG 
e V by (T + U) a = Ta + Ua then (T + U) is a n-linear 
transformation of V into W. 


(T + U) (ca + B) 
= [T,UT2,U...UT,)+U, U2VU... U U,)] [ca + B] 
(11 +U)) U (12 + U2) VU... U (Tn + Und] 
[c(a; U 02 UV... U On) + (Br U Bo U... U Ba))] 
= [1+ U)) Uv (12 + U2) VU... U (Ta + Un)] 
[(co + Bi) U (Coz + Bo) U ... U (Con + Bn) 
(Ti + Ui) (cor + Bi)] U [C2 + U2) (Coz + B2)] VU... U 
[(Tn + Un) (Con + Bn)]. 


Now using the properties of linear transformation on linear 
vector space we get (T; + Uj) (ca; + B,) = ¢ (T; + Uj) (a) + (T; + 
Ui) (B:) for each i= 1, 2, ..., n. 


Thus (T + U) (ca + B) = {[c(T; + U1) a) U c(T2 + U2) & Uw. U 
c(T), ar U,) On| + (T, + U;) By U (T, Tr U;) B> es ae ee, (Th ar U,) 
B.} =c(T + U) a + (T + U)B, which shows (T + U) is a n-linear 
transformation from V into W. 


cT(da + B) 

= e[(T; UT2U... U Ta) [d(ai U & U... U On) + (PiU PoU 
. U Bn)] 

= c[T, U To U a Te] [(da; + By) U (daz + B2) U realy 
(da, + Bn)] 

= c[T, (da; + Bi) U T2(do2 + Bz) U .,, U Tr(don + Bn) ] 

= Ti(c(da; + Bi)) U Ta(c(doz + B2)) U .., U Ta(c(don + Bn) 
(since each cT; 1s a linear transformation) 

= T[e(da + B)] 

= c[T(da + B)] 

= d[(cT)a] + (cT)p. 


This shows cT is a n-linear transformation of V into W. 


5 


THEOREM 2.5: Let V be a n-vector space of n-dimension (nj, N2, 
wy Ny) over the field F, and let W be a m dimensional m-vector 
space over the same field F with m-dimension (mj, m3, ..., My) 
(m > n). Then L"(V,W) is the finite dimensional n-space over F 


of n-dimension (mm, 1,,1, M,5.--5, n, ) where L"(V,W) denotes 


the space of all n-linear transformations of V into W, 1 S ij, iz, 
ee ee 17 6 


Proof: Let 

23 1 1 1 2D 2 2 n n n 
B= { (0,055.0, DY (Op 035405) U0, Up Og 5, dF 
be an-basis for V=V,; UV2U ... U V, of the n-vector space of 


n-dimension (nj, No, ... , Mn). 

Let 
Cr 4 (BisBoeaBin) U (Bibiabe) Dats U (Br, Bo’, Bin, )} 
be a m-basis of the m-vector space W = W; U W2 VU ... U Wa 
of m-dimension (m), m, ..., M,). 

Let L"(V, W) be the set of all n-linear transformation of V 
into W. For every pair of integers (p’, q'), | <j <mand1<i< 
n, 1 <p’ <m,and 1 < q'< nj, we define a linear transformation 
EP"; 1<i<nandk; <m of Vj into W; by 


Oif tzq' 


Bea (a',) = eg 
Boi if t=q 


=e j 
— 6B . 


By the theorem (Eo. =!) their is a unique linear transformation 


from V; into W;. We claim that mjn; transformation E?’ form a 
basis for Li(V;, Wj). This is true for each 1,1= 1, 2, ..., n and the 
appropriate j, 1< j < m with no two spaces V; of V mapped into 
the same Wj. Let T; be a linear transformation from V; into Wj, | 
<i<n,1<j<m. For eachk,< k <n;. Let Aj, ..., Poi be the 


coordinates of the vector T.a, in the ordered basis 
(B',B3,...,B!,) the n-basis of W given in C. 
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Tj a= DUA, B, (1) 
p= 
We wish to show that 
= Ay pi. 
T; 2 2 Asee (2) 
pl=lq'= 


Let U; be the linear transformation in the right hand member 
of (2). Then for each k 


U at > » > Aug EP (a) 


pi=lqi=l 


and consequently U; = T;. Now from 2 we see EP spans 
Li(Vi,Wj). We must only now show they form a linearly 
independent set. This is very clear from the fact 


= piq' 
Ui 2 Age 
pq 
is the zero transformation, then Uja',= 0 for each k, so that 
— 
DAP pi 0 
p’=l 


and thus the independence of the p ; implies that Aa 0 for 


every p and k. Since this is true of every i,1= 1, 2, ... , n. We 
have 


L(V,W) = L3(Vi, W, ) UL3(V2, W,,) U .., UL (Va, W,, ); 


where i), 12, ..., in are distinct elements from the set {1, 2, ...,.m} 
and m > n. Hence L'(V,W) is a n-space of dimension 
(m,n,,m,N,,....m, n,) over the same field F. This n-space will 


i) 


be known as the n-space of n-linear transformation of the n- 
vector space V= V; U V2 U ... U V, of n-dimension (nj, no, ..., 
N,) into the m-vector space W = W; U W2 UL ... U Wy of m- 
dimension (m), m2, ..., M,), M > n. 


Now having proved that the space of all n-linear transformations 
of a n-vector space V into a m-vector space W forms a n-vector 
space over the same field F, we prove another interesting 
theorem. 


THEOREM 2.6: Let V and W be two n-vector spaces of n- 
dimensions (n}, Nz, ... , Np) and (t}, tz, ... , ty) respectively defined 
over the field F. Z be a m-vector space defined over the same 
field F(m > n). Let T be a n-linear transformation of V into W 
and U be an linear transformation from W into Z. Then the 
composed function UT defined by (UT)(a) = U(T(a)) is a n- 
linear transformation from V into Z, a € V. 


Proof. Given V=V,U V2 U ... U V,and W = W, U Wu... 
U W, are 2 n-vector spaces over F. Z = Z;U ZU... U Zu IS 
given to be a m-vector space over F, m > n. T: V > W is an- 
linear transformation; that is T= T,; UT,U... UT,: V7 W 
with Tj: V; > Wj and no two vector spaces in V are mapped into 
the same vector space Wj,1= 1, 2,...,nand1<j<n. 

Now U=U,vU .., UU,;: W > Z is a n-linear transformation 
such that U;: W; > Z,, j= 1, 2,...,n and 1 <k<msuch that no 
two subspaces of W are mapped into the same Z,. 


Now a or 
(UjTi) (co'+B) = U[Ticcat+p) | 
= U[Ti(co’)+T (B)] 
= U[ce Ti (o’)+T (@)] 
= U; [co! + 8! | 
(as T;: Vi > Wj; o', 8 € W)) 
¢ U;(o!) + U; (8) 


= cak+bk: ak bX eZ. 
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Thus U;T; is a n-linear transformation from W; to Z,. Hence the 
claim; for the result is true for each 1 and each j. Thus UT is a n- 
linear transformation from W to Z. 
So 
UoT = (U,UUYU...UU,)0(T} UT2U... UT) 

= UT, UU, T,, oer UUnT, 


(1, 12, ... , In) 1S a permutation of 1, 2,3, ... ,n. Now we for the 
notational convenience recall that if V=V,;U V2U ... U Vaisa 
n vector space over a field F then V;’s are called as component 
subvector spaces of V. V; is also unknown as the component of 
V. 


Now we proceed on to define the notion of linear n-operator. 


DEFINITION 2.15: Let V = V; UV2 U ... UV, be a n-vector 
space over F, a n-linear operator on V is a_n-linear 
transformation T from V to V, such that T= T, UT) Vv... UT, 
with T;:;V; > V; for 1 Si <n. Thus in the above theorem not only 
V = W =Z but Uand Tare such that T;; V; > V;; Ui: Vi > V; so 
that U and T are n-linear operators on the n space V, we see 
composition UT is again a n-linear operator on V. 

Thus the n-space L" (V, V) has a multiplication defined as 
composition. In this case the operator TU is also defined. In 
general TU# UTi.e., UT— TUF 0. 

Now L" (V, V) would be only a n-vector space of dimension 
(n; ,n;,...,n.), n-dimension of V is (nj, Nz «.. 5 My). 


UT = (U,UU,Y...UU,) 9 (T;U T2VU..UT,) 
(U;T; VU, TU... UU,T,,). 

(T; VT, Uv... UT,) 0 (U;U UZU ...U U,) 
TU, UTMUY ... (ATO. 

Here T,: V; > V, and U;: V; 3V;, i= 1, 2, ..., n. 


II 


TU 


II 


II 


Now only in this case T’ = TT and in general T’ = TT ... T; n 
times for n = I, 2, ..., n. We define T?=1, ULV... UL, = 
identity n-function of V = V; UV vU... UV, It may so happen 


he, 


depending on each V; we will have different power of T; to be 
approaching identity for varying linear transformation. i.e. if T 
£T, UT, Vv... UT, on V= Vz UV VU... UV, such that T,: V; 
+ V; (only) for i = 1, 2, ..., n since n-dimension of V is (n1, Nz, 
tM) OTOTAL SOKO ET) CeCe eT 
= (17 ,T, ,..,T,). Like wise any power of T. I =I, UI UV... U 
I, is the identity function on V i.e. each I; : V; > V; is such that 
Iu’) = ui for all ue V;; i = 1, 2, ..., n. Only under these 
special conditions we define L" (V, V); elements of Ln(v, v) are 
called special n-linear operators. 


LEMMA 2.1: Let V = V; UV VU... UV, be a n-vector space 
over the field F; let U, T; and T> be n-linear operators on V; let 
c be an element of F 


a. IU = Ul =UwhereIl=1,ULvV ... Ul, is the n- 
identity transformation 

b. U (T, + T>) = UT, + UT, 
(T;+ T,)U=T,U+ T,U 

Cc. C(U T)) =(CU) T,; = U (CT). 


Proof: Given V=V,U V2 U ... U V, be a n-vector space over 
F, F a field I= 1, ULwU~... U I, be the n-identity 
transformation of V to V i.e. Jj; V; — Vj; is the identity 
transformation of each V;,j = 1, 2,...,.n. U=U;UU.U...U 
U,: V —> V such that U;: V; ~ V; for i = 1, 2, ..., n. T; . 
T; UT, U...UT, : V—> V such that T): Vj > V3 j=1,2,...,0 
and i= 1, 2. 
U = U,VUY...UuU,) hubby ...U th) 
= U,ol, U0cLVY UL 
=" Wy ho 3 te. 
Further 
WU = GvUhvy... VI) o(U; UU ...UU,) 
= T,oU,;,¥ULoUVUI],o0U, 
= U,UWUY...UU,. 
Thus IU=UI. 
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U(T, + T.) = UT,+UT, 
= [U,UULU...UU,A] (Tul Tr Uv... U Tip) + 
(Ta, U Ta U as U Ta)] 
= [U;U UU... UUs) Tu + Tai) U (Ti2 + T22) 
Se ew U (Tin + Ton). 


We know from the results in linear algebra U (T, + T2) = UT; + 
UT, for any U, T;, T. € L(V; ; V,) where V; is a vector space 
and L(V, ,V;) is the collection of all linear operators from V, to 
Vi. 

Now in Uj (Ti; + T2i), Ui Ti; and T,; are linear operators 
from V; to V; true for each i = 1, 2, ..., n. Thus U (T; + T2) = 
UT, + UT, and (T, + T) U= T,U oT TLU. Further C(UT,) = 
(CU) T; = U(CT)) for all U, T,; € L*(V,V). Let U =U; UU2U 

. UU, and T; = (T/ UT, v...UT,) where U;: Vi > V; for 


each iand T!: V; > V; for eachi= 1, 2, ..., n. 


CU, VU U,V... UU,)(T} UT; Vv... UT.) ] 
C[U,T/ UU,T, v...UU,T!] 
(CU. EOCUT Ue CLLE. ); 


(CU; VOW U2. CU) (TMT Ow T) HCO) E. 
But 


CUT )=" (COURS CUs ee WCU) OM wT sv UT) 
= (U,UWY...UU,) (CT)) 
= (U,UWY...UU;) (CT) UCT, v...UCT! ) 
= U,(CT))UU,(CT,)v...UU, (CT!) 
= (U,UWv...UU,) (CT) UCT, v...UCT!) 
= U(CT)). 


Let us denote the set of all n-linear transformation from V to V; 


this will also include the set of all n-linear operator T = T; U T> 
U... UT, with T; : V; > Vi, i= 1, 2, ..., n. Let us denote the n- 
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linear transformation on V by L; (V, V). Clearly L"(V, V) c 


Li. (V, V). This is the marked difference between the usual 
linear operator and n-linear operator. For a_ n-linear 
transformation can be n-linear operator or  n-linear 
transformation. But every linear operator from V to V is always 
a linear transformation. 

Let V to W be two n-linear vector spaces of same 
dimension say (nj, No, ..., N,) and (ni, Ni sees n, ) where (i), 12, 


..+) In) 1S a permutation of (1, 2, ..., n). 

Let T;: V > W be a n-linear transformation where T,= T 
UT, U... U Tr Ti: Vi > Wj where W; is such that dim Vj = 
dim W,, this is the way every V; is matched. This will certainly 
happen because the n-dimension of both V and W are one and 
the same. We call such n-linear transformation from same 
dimensional space V into W satisfying the conditions mentioned 
by each Tj; i= 1, 2, ..., n. denoted by T,, for this is a special n- 
linear transformation. 

If each T; in T,; 1 = 1, 2, ..., nis invertible; then we can find 
a special n-linear transformation U, : W —> V such that T,U, = 
U,T, and is the identity function on W. If T, is invertible the 
function U, is unique and is denoted by f Oe Further more T, is 


1-1 that is T,a = T;B implies o = B where 0 =a; Ud, U... UO 
and B = Bj U Bo U... U By. Ts is onto, that is the range of T, is 
all of W. 


THEOREM 2.7: Let V and W be n-vector spaces over the field F 
of same dimension (nj, n2, ..., Ny) over the field F. If T, is a 
special n-linear transformation from V into W and T, is 
invertible then the inverse function T-' is a special n-linear 


transformation from W into V. 


Proof: Let Ty = T; U T2 U ... U Ty be a special n-linear 
transformation from the same n-dimensional spaces V into W, 
where n-dimension of V is (nj), fo, ..., Ny) and that of W is 


(Aish scan ie (11, 12, ..., In) a permutation of (1, 2, 3, ..., n). 
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ie., Ts) V > W; Tj: Vi — Wj; where dim V; = dim Wj. 
T =T, UT; vU...UT." is the inverse of T,. 

Let Bi, B2 be vectors in W let C € F. To show T.! (CB, + 
B>) = CT,' Bi + ee B> where By = Bi UB, WOR: and B> = 
B? UB3 VU... UR, 
T.' (CB: + Bo) 
= T,' (CB +B? UCB, +B; U... UCB), +B; ) 
= (T, (CB, +B;) UT; (CB, +83) U...UT, (CB, +B;)) 


=(CT, Bi +7, BOw(CT, BS + T; BU. (CT, B, +7, Ba) 
= Oly Bre pe 


Let a; = C f B;;1= 1, 2, that is let a; be the unique n-vector in 
the V such that T,a; = B;, Since T, 1s n-linear; 


T,(Ca, Oz) = CT,a; + T,Q2 = Cp, a Bo. 


Thus Ca; + a2 is the unique n-vector in V which is sent by T, 
into CB, + B, and so 


Ty (CB: + Bo) = Cay + a2 = C(T;' Bi) + Ty’ Bo 


and T.' is n-linear, the proof is similar to the earlier one using 


T, = T, UT, U...UT, and T= TUT u...UT" and a = 


a, Ua, U..Ua! and B; = B} UB, U..UB). 


THEOREM 2.8: Let T = T; UT, vu... UT, be a n-linear 
transformation from V = V; UV U... UV, and W = W; UW; 
U ... U W, where dim V = (n), nz, ... , Ny) and dim W = 


(Mit cest) where i}, iz, ..., in is a permutation of (1, 2, ..., 


n.). Then T, is non singular if and only if T, carries each n- 
linearly independent n-subset of V into a n-linearly independent 
n-subset of W. 
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Proof: Suppose first we assume T, is non singular. Let S = S; U 
SoU... US, be a n-linearly independent n-subset of V = V, U 
ViU... U Vale. S; c V; is a linearly independent subset of V;, 
i=1,2,...,n. Let 
S= { (GisOaseca JY (ear ader. emo (otal say ) } 
=§,USU...U8S, C Vj UV2U... U Vy. Given T, = T; U 
T, U... U Ty. Here T;; Vi > Wj, (he lor eos Tie) are 
linearly independent for each i for if 

C\(Fa,) +... + C, (Tray, ) = 0, 
then T; (Cia,+ ... + Ca) = 0 and since T; is non singular 
(Cia,+... + C.a) ) = 0 from which it follows each C; = 0, j = 


1, 2, ..., k;, because S; is an independent set. This is true of each 
i,1e.S=S;US)U... US, is an independent n-set. This shows 
the image of S under T, is independent. Suppose T, carries 
independent n-sets onto independent n sets. Let a = a; U a U 
... UQ, be anon zero n vector of V. 

Then ifS =S,; US, U... US, =a) Ud U... U A, with §; 
= {a;};1= 1, 2, ..., n; is independent. The image n-set of S is 
the n-row vector T);a,; U Tom VU ... U Tyo, and this set is 
independent. Hence T,(a) = Tyo; U Tit U ... U Trin # 0 
because the set consisting of the zero n-vector alone is 
dependent. Thus null space of T, isOUOU... U0. 

The following concept of non_ singular n-linear 
transformation is little different. 


DEFINITION 2.16: Let V and W be two same n-dimension spaces 


over F i.e. dim V = (nj, nz, ..., Mn) and dim W = (Met coms) 
where (ij, iz, ... , ip) is a permutation of ((1, 2, 3, ..., n). If T = 
T;UT> VU... UT, is a special n-linear transformation of V into 
W i.e. if T;: Vi > W; then dim V; = dim W; = n;, for every i. Then 
T is n-non singular if each T; is non singular. 


In view of this the reader is expected to prove the following 
theorem. 
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THEOREM 2.9: Let V and W be two n-vector spaces of same 
dimension defined over the same field F. T is special n-linear 
transformation from V into W. Then T is n-invertible if and only 
if T is non-singular. 


Note: We say the special n-linear transformation is n-invertible 
if and only if each T; = T, UT U... UT, is invertible for 1 = 1, 
Drie sg lls 


Now we proceed on to define the n-representation of n- 
transformations by n-matrices. (n> 2). 


Let V be a n-vector space of n dimension (n,, no, ... , N,) and W 
be a m-vector space of m-dimension (m), m:, ... , M,) defined 
over the same field F. Let 


= 1 1 1 2 2 2 n n n 
B= { (0,050.0, ) (7,035.05, ) U +. (G7 ,035--505 ) $ 
be a n-ordered n-basis of V. We say the n-basis is an n-ordered 
n-basis if each of the basis (a'), a's, ..., a), ) of V; is an ordered 


basis fori=1, 2, ...,n and 
BS Bibra 0 2 (Boks eubs, ) One OCB Baca )y 


be a m-ordered m basis of W. If T is any n-linear transformation 
from V into Wie. T= T,; UT, LU... UT, then each Tj: Vj > 
W, is determined by its action on the vector a ;1<k<m; true 


for eachi= 1, 2, ...,n andi <j <nj;. Each of the nj vector Tjq,; 1s 
uniquely expressible as a linear combination 
M\ 
Tie k 
Ti, =D AB: (1) 
i=l 


1<k<m and Bie Wi, the scalars Aj;, Ajj, ..., A,,,; being 


coordinates of Tio’, in the m-ordered m-basis B'. Accordingly 
the transformation T; is determined by the m,n; scalars; Aj via 


equation (1). The m, x n; matrix A* defined by A, is called 


the submatrix relative to the n-linear transformation T = T; U T2 
U... UT, U ... UT, of the pair of ordered basis 
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i i i k ak k 
{(0,,05,....0,,) $ and {(B;.B5,-..B,. )F 

of V; and W, respectively. This is true for each 1 and k, 1 <i<n 
and 1 <k<mt.e. the m-matrix of T is given by 

7 iS ey ee oe eae. ie 
= A (m, n) here (m,., m,, ,-.-,M, ) C (m), m,..., m,,_ ). Clearly 
A is only a n-linear transformation map V; — W; and no two 
Vis are mapped onto same Wj, 1 <1 <nand1<j<m. Thus if 
a' is a vector in V; then a'=x'a'+...+x'a' is a vector in V; 


then 


This is true for each i, i= 1, 2, ...,n.IfX=X'UX’U...UX" 
is the coordinate n-matrix of a in the n-basis B then the 
computation above shows that 


AX = (ANU At U...U AT) (XIU X? U ... U X") is the 


coordinate n-matrix of the n-vector Ta in the ordered basis B! 
because the scalars 


ny Ny Dy 

mil mi, 2 mii. n 
> Aj! X;U > Age gS ) AG"; 
j=l j=l j=l 


is the entry of the i” n-row of the n-column matrix AX. Let us 
observe that A is given by the m; x nj, n-matrices over the field 
F, then 


ny Ny Nh 
| ee ees non 
n{3 <a 13 <a} Sax v1(3 <a 
jel j=l jel 
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i=l 


ny ; Min ( Ny . 
= S{ Sapo te) 5 {Sages la 1S ome) 
j=l i=l \ jel 


where (ij, 12, ..., In) C {1, 2, ..., m} taken in some order, defines 
a n-linear transformation T from V into W, the n-matrix of A 
relative to the n-basis B and m-basis B' which is stated by the 
following theorem. 


THEOREM 2.10: Let V = V,; UV, Uv... UV, be a finite n- 
dimensional i.e., (Nj, Nz, ..., Ny) n-vector space over the field F 
and W = W, UW2VU... U Wy, an m-dimensional (m;, m2, ..., 
m,) vector space over the same field F, (m > n). For each n- 
linear transformation T from V into W there is a n-mixed 
rectangular matrices A of orders (m,xXnj, M2 X My, ..., Mn X Ny) 
with entries in F such that |Ta],, = A[a]s for every a EV. T > 


A is a one to one correspondence between the set of all n-linear 
transformations from V into W and the set of all m; x n; mixed 
rectangular n-matrices, i = 1, 2, ..., n over the field F. The 
matrix A = A? U AL U... U A” is the associated n- 


matrix with T; the n-linear transformation of V into W relative 
to the basis B and B'. 


Several interesting results true for the usual vector spaces can be 
derived in case of n-vector spaces n > 2 with appropriate 
modifications. 

Now we give the definition of n-inner product on a n-vector 
space V. 


DEFINITION 2.17: Let F be a field of reals or complex numbers 
and V=V,UV2 VU... UV,an-vector space over F. An n-inner 
product on V is a n-function which assigns to each ordered pair 
of n-vectors a= 4; Ud? VU... Va, and B = f; Uf, VU... UB, in 
the n-vector space V a scalar n-tuple from F. (a | B) = (a; Ua 


Un. On| Bi UB2 UV. OBn) = (1| Bi) (2| B2) + Onl Br), 
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where (a;| B,) is a inner product on V; as a; B; € V;, this is true 
for each i, i = I, 2, ..., n; satisfying the following conditions: 


a (at+PBl|y=(a|y+ 6| yy) Wwherea=a) Var... Udy B 
=f, UP. Vv... UB, and y =; Uy2 VU... Un where a, Bi 
y; € V; for eachi = 1, 2, ..., n.) = ((a;| v1), (2| 2), «5 (An 
In) + (Bi| yi) B2| 2X Bal mW) = (Gi| yi) + Bil yi) (2 
| Y2) + (Bo| y2) + On| o> + Bal Yn) 

b. (Ca| B= C@| B= (Cifar| Bi), C2(02| B2) . Ca(On| Bn) 


c P|ap= (a | B), the bar denoting the complex conjugation. 
d. (a|a)> (0,0, ..., 0) ifatO0ie., ((a;| a1) (a2| a2) ... On| 


An) > (0, 0, ..., 0) each a; #0 ina =a; VarVU... UO, i= 
1 eres (3 


On F=F" OF” UO ...U F”" there is a n-inner product 
which we call the n-standard inner product. It is defined on 

a= (Git nd OO ihe) Cee lerer cre ae, 
and 
BVI FOOLING) PION 5) OF 
by 


ny Ny An 
2.2 nn 
C=O Ve) Aes oy) 
jal j=l j=l 
if F is a real field. If F is the field of complex numbers then 
n = Ny —) Ny, aon 
|B =(L HIV DLV,» we VTy)). 
j=l j=l j=l 
The reader is expected to work out the properties related with n- 
inner products on the n-vector spaces over the field F. 
Now we proceed on to define n-orthogonal sets. 
DEFINITION 2.18: Let V = V; UV2 VU... UV, be a n-vector 


space over the field F. We say V is a n-inner product space if on 
V is defined an n-inner product. Let a = (a; Va? VU... UG,) and 
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Bb=(6, Uf. vu... UB) € V with a, B; © V;, i = 1, 2, ..., n. We 
say a is n-orthogonal to B if (a\B) = (0, 0, ..., 0) = ((ai|BL .., 
(An|P,)) i.e. if each a; is orthogonal to fp; € V; i.e. (a;\B,) = 0 for i 
= 1, 2, ..., n. This equivalently implies f is n-orthogonal to a. 
Hence we simply say a and f are orthogonal. 


IfS = 8; US. Vv... US, CV UV. VU... UV, = V be a n-set of 
n-vectors in V. S is called an n-orthogonal set provided all pairs 
of distinct n-vectors in S are orthogonal. An n-orthogonal set is 
called an n-orthonormal set if ||a|| = (1, 1, ..., 1) for every a in 
Sor Us VaecOS, 


We denote (a | ) also by (a\f). 


THEOREM 2.11: Let V=V; UV; vu... UV, be a n-vector space 
which is a n-inner product space defined over the field. Let S = 
S; US) U... US, be an n-orthogonal set in V. The set of non 
zero vectors in S are n-linearly independent. 


Proof: Let V=V,;U V2U ... U V,, be a n-vector space over F. 
LettS =S;US.U... US, CV=AViU V2U... U V, be a 
orthogonal n-set of V. To show the elements in the n-sets are n- 


orthogonal. Let a,,a,, ..., O., e §; fori = 1, 2, ..., n. Le. 

1 1 1 S 2 2 2 S d n n 
Oy,0ly, ++) ©, € Si, O),05, ..., O,, € So and so on. a;,a5, 
vy O, € Sy. Let O},0,,..., @,, be the distinct set of n-vectors 


in S; and that B'= cia} + cha, +...4+ cai, . Then 
. . sal . . . 
(Bo, =| > cio [ay 
j=l 
= Vej(a; | a) 
jal 


= ©, (04, | Oy ). 


Since (a, |) #0, c, #0. 
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Thus when f' = 0 then each c! = 0 for each i. So each §; is an 
independent set. Hence S = 8S; US,U ... US, is a n- 
independent set. 

Several interesting results including Gram-Schmidt n- 
orthogonalization process can be derived. 

We now proceed onto define the notion of n-best 
approximation to the n-vector B relative to a n-sub-vector space 
W. 


DEFINITION 2.19: Let V = V,; UV Uv... UV, be a n-inner 
product n-vector space over the field F. W=W,UW2 VU... UV 
W,, be a n-subspace of V. Let B = B, UB, U..U B" €V the n- 
best approximation to f by n-vectors in W is a n-vector a = 
a, Ua,U...Ua" in W such that \|B — a|| < ||B — y\| for every n- 
vector y in W i.e. \\B'; — ai|| < || Bi — y'il| for every y'; © W; and 
this is true for each i; i = I, 2, ..., n. We know if Bp = 
B, UB, V..v B" and if B is a n-linear combination of an n- 
orthogonal sequence of non zero-vectors GQ), G2, ..., Om where 
each a; =a; Va, U... Val, i= 1,2,..., m, then 


1 1 1 2 2 2 n n n 

7 ual (4 la, Je Mie) (2; Cale on (2; ax; ) oy 

BS Sea ie ae aoe aoe ee 
a al ay lay 


The following theorem is left as an exercise for the reader to 
prove. 


THEOREM 2.12: Let W = W, UW, vu... UW, be a n-subspace 
of an n-inner product space V=V;UV7 VU... UV, and p = 
BLU BYU... B" be an-vector in V 


I. The n-vector a = a@,.0@,VU...Ua" in W is a n-best 


approximation to fp by the n-vector in W if and only if f- 
ais n-orthogonal to every n-vector in W. 

2. Ifan-best approximation to P by n-vectors in W exists, 
it is unique. 
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3. If W is n-finite n-dimensional and { a, 0@,V...Va" } 
is any n-orthonormal n-basis for W then the n-vector 


= yA lee (Bi | 2) ep aaa (B; | af aA 
ella elle 
uy Bilatar 
Warp 
is the unique n-best approximation to B by n-vector in W. 


Now we proceed on to define the notion of n-orthogonal 
complement. 


DEFINITION 2.20: Let V be an-inner product n-space and S any 
n-set of n vectors in V. The n-orthogonal complement of S is the 
n-set S“ of all n-vectors in V which are n-orthogonal to every n- 
vector in S; where S = S; US) U... US, CV = Vz UVa UU 
V, and S* = S*US;U..US*> Cc V. ie. each S* is the 
orthogonal complement of S; for every i, i = 1, 2, ..., n. We call 
ato be the n-orthogonal projection of Bh on W. If every n-vector 
in V has an n-orthogonal projection on W, the n-mapping that 
assigns to each n-vector in V its n-orthogonal projection on W 
is called the n-orthogonal projection of V on W. 


The reader is expected to prove the following theorems. 


THEOREM 2.13: Let V = V; UVy vu... UV, be a n-inner 
product n-vector space defined over the field F. W a finite 
dimensional n-subspace of V and E the n-orthogonal projection 
of V on W, Then the n-mapping B > (fp — EB) is the n- 
orthogonal projection of V on W*. 


THEOREM 2.14: Let W = W, UW, VU... UW, CV be a finite 
dimensional n-subspace of the n inner product space V = V; VU 
V, VU... UV, and let E = E; VE) VU... UE, be the n-orthogonal 
projection of V on W. Then E is an n-idempotent n-linear 
transformation of V onto W and W* is the n-null space of E and 


eal 


V=W OW’ ie. ifV=V, UV, VU... UV, and W = W,UW, Vv 
. UW, and WY = We OW V...W~ then V = (W @W") = 
(W, @Wo) UW,OW,) UV .., UW, OW). 


THEOREM 2.15: Under the conditions of the above theorems, I- 
E is the n-orthogonal projection of V on W’. It is an n- 
idempotent linear n-transformation of V onto W*, with null 
space W. 


THEOREM 2.16: Let {a@, Ua, U...Ua" } be an orthogonal n- 


set of non-zero vectors in an n-inner product space V. If B is any 
vector in V then Y, \(B| af )\? / \| ak |? < ||Bl|? where B = 


BUBB Y..UB eV. 


It is pertinent to mention here that the notion of linear functional 
dual space or adjoints cannot be extended in an analogous way 
in case of n-vector spaces of type I. 


Now we proceed on to define the notion of n-unitary operators 
on n-inner product n vector spaces V over the field F. 


DEFINITION 2.21: Let V and W be n-inner product n-vector 
space and m vector space over the same field F respectively. Let 
T be a n-linear transformation from V into W. We say that T 
preserves n inner products if (Ta | TB) = (a | B) for allap eV 
ie. if V=V, UV VU... UV, and W = W, WV... UW, and 
T=T, VT) Vv... UT, with a =a; Var VU... Ud, and B = By VU 
BrVU... UB, € V. T;: Vi > W;. with no two V; mapped on to the 
same W,, then T,a;,T,p; € W; and (T;a;| TB) = (a;| Bi) for every i, 
i= 1, 2, ...,n. Ann-isomorphism of V into W is a n-vector space 
isomorphism T of V onto W which also preserves n-inner 
products. 


THEOREM 2.17: Let V and W be n-finite dimensional n-inner 
vector spaces of same n-dimension i.e. dim V = (nj, nz, ... , Mn) 


and dim W = (n, .7, sexeahh 
1 2 


ly 


) where ey Peay, “Ed AS a 


a2 


permutation of (1, 2, ..., n) defined over the same field T. If T = 
T; UT) Uv... UT, is a n-linear transformation from V into W 
the following are equivalent 


1. T preserves inner products i.e., each T; in T preserves 
inner product i.e. T;; Vi >W,; 1 <i, j <n. 

2. Tis ann-inner product n- isomorphism 

3. T carries every n-orthonormal n-basis for V onto an n- 
orthogonal n-basis for W. 

4. T carries some n-orthogonal n-basis for V onto an n- 
orthonormal basis for W i.e. T; carries some orthogonal 
basis of V; into an orthogonal basis for W,. 


The reader is expected to prove the following theorems. 


THEOREM 2.18: Let V and W be n-dimensional finite inner 
product n-spaces over the same field F. Then V=V; UV VU... 
UV, is n-isomorphic with W = W, UW? Vv... UW, i.e. each T;: 
V; > W,; is an isomorphism for i = 1, 2, ..., n if V and W are of 
same n-dimension. 


THEOREM 2.19: Let V and W be two n-inner product spaces 
over the same field F. Let T= T; UT) vu... UT, be a n-linear 
transformation from V into W. Then T preserves n-inner product 


if and only if |\Ta\| = |la|| te ||7) UT. Uv... UT, ) 
(a Va,V..0a")|| = ||Ti(al) UTA a5) UOT) || = 
(lai ||, |l@z ||... ||@” |p for every a € Vie. for every a; € Vi, 


i=1,2,..., Nn. 


We define the notion of n unitary operator of a n-vector space V 
over the field F. 


DEFINITION 2.22: A n-unitary operator on an n-inner product 
space V is an-isomorphism of V onto itself. 


DEFINITION 2.23: If T is a n-linear operator on an n-inner 
product space V=V,;UV2V... UV,, then we say T = T; UT; 
U .. U T, has an n-adjoint on V if there exists a n-linear 
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operator T*= T* UT, U...UT, on V such that (Ta | B) = (a | 
T*B) for alla = a, V@,V..0a" , B= BUBB YV..U B" inV 
=V,;OV20... UV, i.e. Tia; | Bi) = (a) |T * B') for each i = 
eres 


It is easily verified as in case of adjoints the n-adjoints of T not 
only depends on T but also on the n-inner product on V. 


Interesting results in this direction can be derived for any reader. 
The following theorems are also left as an exercise for the 
reader. 


THEOREM 2.20: Let V=V,; UV. VU ... UV, be a finite n- 
dimensional n-inner product n-space defined over the field F. If 
T and U are n-linear operators on V and c is a scalar, then 


I (T+ U)* =T*+ U* i.e. if T=T; UT) Vv... UT, and U 
=U, UU? Vv... UU, then in (T + U)* we have for each 
i, (T+ U)*=T) + U,,i=12,..,0. 


2. (cT)*=cT* 


3. (TU)* = T*U* here also (T,U)* = U, T, for i = 1, 2, 
wy MW 1. (TU)* ai (T,U,)* U (T,U2)* CPs wd, = 
UA Ae a PU 


4. (T*)* =T since (T, )* =T, for eachi =I, 2, ..., n. 


THEOREM 2.21: Let U be a n-linear operator on an n-inner 
product space V, defined over the field F. Then U is n-unitary if 
and only the n-adjoint, U* of U exists and UU* = U*U =I. 


THEOREM 2.22: Let V =V, UV, vu... UV, be a n-vector space 
of an-inner vector space of finite dimension and U be a n-linear 
operator on V. Then U is n-unitary if and only if the n-matrix 
related with U in some ordered n-orthonormal n-basis is also a 
n-unitary matrix i.e. if A = A; UA? UV... UA, is the n-matrix 
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each A; in A is unitary i.e. A; ** A; = I for each i, i.e. A * A = 
A,*A; U/A>*A> (Fas TA; A), =f, Cs: CFT. 


Several interesting results can be obtained using appropriate and 
analogous proper modifications. 

Now we proceed on to define the notion of n-normal 
operator or normal n-operators on a n-vector space V. The 
principle objective for doing this is we can obtain some 
interesting properties about the n-orthonormal n-basis of V = V, 
Mig Moers RN 


Let the n-orthonormal n-basis of V be denoted by B = 
OG GO ee A CO, Oe ed, ) Oi ICG, tea) 
where each (a; ,a;,,...,a, ) is a orthogonal basis of V; for i = 1, 


2, .., n. Let T= 7, UT) VU... UT, the n-linear operator on V 
be defined by Tia’ = car. forj =1, 2, ..., n; and for each T,, i = 
I, 2, .., n. This simply implies that the n-matrix of T 
(consequently each matrix of T; in the ordered basis 
( A Maren, ) is a diagonal matrix with the diagonal entries 


(C,C},....¢, ) is an-diagonal n matrix given by 


C} 0 c 0 
1 y) 
C Cy 
D= U 
1 2 
0 Cn, 0 Cr 
ci 0 
n 
Cy 
Pesca 
0 om 


8, 


The n-adjoint operator T*= T*; UT*, U... UT*, of T = T) Vv 
T, U.. UT, is represented by the n-conjugate transpose n 
matrix i.e. once again a n-diagonal n matrix with diagonal 
“:-i= 1, 2,.., n. If V is a real n-vector 


nj 


. -1 _-l 
CHINES Ci. C5. ki 1. 


space over the real field F then of course we have T = T* 


DEFINITION 2.24: [f{fV =V,; UV2VU... UV, be a n-dimensional 
n-inner product n-vector space and T a n-linear operator on V 
be say T is n-normal if it commutes with its n-adjoint T* of T i.e. 
Yi ee bad & 


Now in order to define some more properties we now proceed 
onto define the notion of n-characteristic values or n-eigen 
values of a n-vector space V and so on. 


DEFINITION 2.25: Let V=V; UV, vu... UV, be a n-vector 
space over the field F of type I. Let T= T; UT) v... UT, bea 
n-linear operator on V. A_ n-characteristic value (or 
equivalently characteristic n-value) of T is a n-tuple of scalars 


ci Ucs U...U ce" such that their exists a non zero n vector a = 
1 2 nos . _ . 1 2 n 
a,VayV...Ua" in V with Ta = ca. i.e. (c, Uc; U...U ec") 
1 2 OY, ce, Ta De = I 
(a, Ua; ele = CQ, U COs Chis oak oe 6 fe = Tia, U 
Ip @; UY, UTpa ; fo = co Uc U..Ue" is the n- 


characteristic value of T then 


a. anya=a,VUa,VU...Ua" such that Ta = ca is called 
the n-characteristic n-vector of T associated with the n- 
characteristic value ¢ = ch UC, U..Uc". 


b. The collection of alla = a,UayU..U.a" such that Ta 


= ca is called the n-characteristic space associated 
with c. n-characteristic values will also be known as n- 
eigen values or n-spectral values. 


If T is any n-linear operator on the n-vector space V and c any n 
scalar the set of n-vector ain V=V,; UV; UU... UV, such that 
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Ta = ca is a n-subspace of V. It is the n-null space of the n- 
linear transformation (T — cl) = (T; UT, VU... UT) - 
(UG U..08) T UbYV.. UL) = (Ti -4l) Uo (lM - 
Ge I) VU... U(T,— c I,). We call c the n-characteristic value of 
T and if this n-subspace is different from the zero subspace i.e. 
if (T —cl) = (T;- GI) U U(In— cI) fails to be one to one 
i.e. each T,; ye I; fails to be one to one. If V is a finite n- 
dimension n-vector space, (T — cl) fails to be one to one. Only 
when the n determinant i.e. det(T — cl) = det(T; — cI) Udet(T> 
—~Ob)U.. U det(T, — cl) #(0 V0 VU... UO) ie. each 
det(T;— cI) #0 fori=1, 2, ..., Nn. 


This is made into the following nice theorem 


THEOREM 2.23: Let T be a n-linear operator on a finite n- 
dimensional n-vector space V = V; UV VU... UV, and c = 
c) Uc, U...U ce" be an scalar then the following are equivalent 


a. c= ¢, Uc U...U0e" is a n-characteristic value of T = 
T,; UT) U... UT, i.e. each c'; is a characteristic value 
Of T;;i=1, 2, ..., n. 

b. The n-operator (T — cl) = (T, -— cI) Uw. U (Ty - 
c, 1,) is non singular (i.e. non invertible) i.e. each (T; — 
c' I) is non invertible i.e. non singular for each n-vector 
spaces, i = 1, 2, ..., n. 

c. det(T—cl)=(0 U0 VU... UO) ie. det (I, -—¢1,) = 0 for 
each i = 1, 2, ..., n. 


Now we give the analogous for n-matrix. 
DEFINITION 2.26: Let A = A; UA? U...U A, be a n-square 
matrix where each matrix A; is n; xn; matrix i = 1, 2, ..., n; ifiF 


j then n;#n;, 1 <i, j <n over the field F, a n-characteristic 
value of A in F is an scalar C= Ci} UC; U...UC"; CeF,i= 


a7 


I, 2, 3, ..., n such that the n-matrix (A — CI) = (A,-C,l,) Vv 
(4,-CoL)uU .. U(A,-C"l,) is singular, ie. C is a n- 
characteristic value of A if and only if det (A — CI) =0 VO v.... 
U 0 or equivalently det (CI—- A) =0 VO VU... UD, ie. if 
det(A,-—C'I,) = 0 for each and every i, i = 1, 2, ..., n we form 
the matrix (xI — A) where x =x, Ux? U... UX, with polynomial 
entries and consider the n-polynomial f = det(xI — A) = det(x,, 
— Aj) Udet(x2I)— Az) UV... Udet(Xnl, -— An) =fi Ufo VU... Ufy in 
n variables x}, X2, ... , X,». Clearly the n-characteristic values of 
A in F are just the n-tuple scalars C = C} UC) U...UC" in F 
such that 
KO = 0VU0-v... VO 


M(Q)YA (CY. (Cr): 


For this reason f is called the n-characteristic n-polynomial 


of A. 


It is important to note that f is a n-monic polymonial which has 
degree exactly (n,, no, ..., nN, ) is the n-degree of the n-monic 
polynomial f =f; Uf, U... U fh. 


We can prove the following simple lemma. 


LEMMA 2.2: Similar n-matrices have same n-characteristic 
polynomial. 


Proof: We just recall if A and B are the mixed square n- 
matrices of dimension (n;, Mo, ..., NM, ) and (nj, Mo, ..., Ny ) Le. 
same dimension 1.e. identity permutation of (n), m2, ..., Mm, ). We 
say A is similar to B or B is similar to A if their exists a 
invertible n matrix P of dimension (nj, no, ..., n, ) such that if A 
=A,UA,VU...UA, B=B,;U BU... UB, and P =P, U P2 
U... UP, then B = P'AP ie. B=B,; UB) VU... UB, = PA; 


P,U P,'Ay Po U... U PA, Py; ie. each A; is similar B; for i 
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Suppose A and B are similar n-mixed square matrices of 
identical dimension i.e. order A; = order B; for i= 1, 2, ..., n 
then B = P''AP the 


n-det (xI-B) =  n-det(xI—P' AP) 
= n-det (P'(xI—A) P) 
= n-det P' det(xI— A) .det P 
= detP' det(x;I, -A,)detP, U 
det P," det(x3I, -A,)detP, U...U 
det P,' det(x*I, — A, )det P, 
=  det(xI —- B) 
= det(x|I, -—B,)v det(x3I, —B,)U... Udet(x"I, —B,) 
i.e. n-det (xI — B) = n-det (xI- A). 


DEFINITION 2.27: Let T= T; UT) U... UT, be a special n- 
linear operator on a finite dimension n-vector space V = V; VU 
V2 UU... UV, We say T is n diagonalizable if there is a n-basis 
for V each n-vector of which is a n-characteristic n-vector of T. 


The following two lemmas are left as an exercise to the reader. 


LEMMA 2.3: Suppose Ta = Ca where T= T; UT? VU... UT, a 
= a Vayvu..ua™ andC = C.UC V..UC". FF =F, U 
FU... UF, is any n-polynomial then f(T) a = f(C) a i.e., 

AM v7, Ge vavsi@a = 

A(C)@, VY A(C ay VW. F(C)ae. 
LEMMA 2.4: Let T= T,; UT) Vv... UT, be a n-linear operator 


on a finite (nj, Nz, ... , NM, ) dimensional n-vector space V = V; VU 
Vie Bin LV LE UC Crpc CD OC CG.) Fin 


(C),C3,....C; ) } be distinct n-characteristic values of T; U T> 
U .. U T, and let We iG be the subspaces of V, 
associated with characteristic values C},C),...5C - respectively, 


We We cs be the subspaces of Vz with associated 
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characteristic values C),C5,...,C Ee respectively; and so on and 
let W,",W,',..,.W, be the subspaces of V, with associated 
characteristic values Cy ,Cy,...,C; and if 
W' =W!+W, +...+W, 
and if 
W* =W? + Wy +..4+W,, . W" =W"+W, +...4+W, 

and ifW=W' UW VU... UW" the n-dim W = (dimW', dimW’, 
.., dimW") with dim W" = dimW,! + dimWy +...+ dimW. for 
each j = 1, 2, ..., n; and if B is an ordered basis of W', i = 1, 
2, ..., k; then (B',B;,...,B") is the n-ordered n-basis of W' W? 
Ww" 


Using these lemmas the reader is expected to prove the 
following theorem. 


THEOREM 2.24: Let T= T; UT) vu... UT, be a n-linear 
operator of the finite n-dimensional n vector space V = V; UV; 
Chsn AV, Let (CG, Cruise) : (CCG) ra ay 
(Ci',C;,...C% ) } be the distinct n-characteristic n-values of T 


and let (W' UW VU... UW") be the null n-subspace of (T — CI) 
i.e. W is a subspace of (T.—C'l) for i = 1, 2, ..., n. Then the 
following are equivalent 


1. Tis n-diagonalizable 
2. The n-characteristic polynomial for T is 


f = Sfi Oe Jy Cex Uf, Where f, = 
(x, —C')® (x, —C!) x, 6, ys for every i = 1, 2, ...,n. and 
dim W' = d where d'=d,+d,+...+d, for everyi = 1, 2, .., 
n. dim W! + dim W’ + ... + dimW* = dim V = (Nj, Nz, ... Ny) 1.e., 
dim W' = dim W! + dim W} + ... + dim W, =n, dimW’ = 


60 


dimW, + dim W; + ... + dim W. =n,and so on and dimW" = 


dimW." + dim W;’ + ... + dim W2 =n.. 
1 2 k n 


The proof left as an exercise for the reader. 


Now we proceed on to define the notion of n-annihilating 
polynominals. 

Let T=T,; UT, U... U Ty be a n-linear operator on a n- 
vector space V over the field F. If p(x) = p,(x) U pox) U... U 
Pa(x) be a n-polynominal in x with coefficients from F then p(T) 
= pi(T1) U p(T) U ... U pr(Tn) is again a n-linear operator on 
V. If q(x) = qi(X) U qo(x) U ... U qn(x) is another n-polynomial 
over F then 

(p + q) (T) = p(T) + q(T). 
pq(T) = p(T) q(T) 
= p(T) qi(T) V pr(T) qo(T) U ... U pa(T) qa(T) . 


Therefore the collection of n-polynomials p(x) which n- 
annihilate T in the sense that p(T) = 0, is a n ideal in the n- 
polynomial algebra F[x]. Clearly L" (V, V) is a n-linear space of 
dimension (n;,n}...,n~ ) where n; is the dimension of the vector 
space V; in V=V,; UV2 VU... U Vn. If we take in the n-linear 
operator T= T, UT) U... UT;, for each Tj a ne +1 power of 


T; for i= 1, 2, ...,n then C)+CiT, + Ci? +...4C.,7)" =0 for 
some scalars C; not all zero, 1 <j < nj. 

So the n-ideal of polynomials which n-annihilate T contains 
a non zero n-polynomial of n-degree (nj ,n35,...,n° ) or less. 


Now we define the notion of n-minimal polynomial for T = 
Ag Te O Ae Te 


DEFINITION 2.28: Jf T is a n-linear operator on a finite 
dimensional n-vector space V over the field F. The n-minimal 
polynomial for T= T; UT) Uv... UT, is the unique n-monic 
generator of the n-ideals of polynomial over F which n- 
annihilate T, i.e., the n-monic generator of the n-ideals of 
polynomials over F which annihilate each T; for i = 1, 2, ..., Nn. 
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The term n-minimal comes from the fact that the n-generator of 
a polynomial n-ideal is characterized by being the n-monic 
polynomials each of minimum degree that is every ideal in the 
n-ideals; that is the n-minimal polynomial p = p; Up2 U... U 
Pn for the n-linear operator T is uniquely determined by these 
three properties. In p = p; Up2 U... UP» each p; is a monic 
polynomial over the scalar field F, which we shortly call as the 
n-monic polynomial over F. p(T) = 0 implies p(T;) = 0 for each 
LAi=1,2,...,n; ie. p(T) UpxT,) Vv... UpAT,) =0 V0 Vv... 
U0. No n-polynomial over F which n-annihilates T has smaller 
degree than p, i.e., polynomial over F which annihilates T; has 
smaller degree than p; for each i = 1, 2, ..., n. If A is a n-mixed 
square matrix over F i.e., A = A; UA? VU... UA, is a n-mixed 
matrix where each A; is an; x n; matrix over F, we define the n- 
minimal polynomial for A in an analogous way as unique n- 
monic generator ideal of all n-polynomials over F which n- 
annihilate A or annihilates A; for each i, i = 1, 2, ..., Nn. 


Similar results which hold good in case of linear vector spaces 
can be analogously extended to the case of n-vector spaces with 


proper and appropriate modifications. 


The proof of the following interesting theorem can be obtained 
by any interested reader. 


THEOREM 2.25: Let T= 7, UT) vu... UT, be a n-linear 


operator on a (Nj, Nz, ..., Ny) finite dimensional n-vector space 
[or let A = Ay UAz VU... Ay, a n-mixed square matrix where 
each A; is an; Xn; matrix, i = 1, 2, ..., n] then n-characteristic 


and n-minimal polynomial for T[for A] have the same n-roots 
except for multiplicities. 


The Cayley-Hamilton theorem for n-linear operator T on the n- 
vector space V is stated, the proof is also left as an exercise for 
the reader. 


THEOREM 2.26: (CAYLEY HAMILTON THEOREM FOR n-VECTOR 
SPACES) Let T= T, UT) UV... UT, be a n-linear operator on a 
finite (nj, Nz, ..., N,) dimensional n-vector space V = V; UV2 Vv 
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. UV, over a field F. If f =f, Ufp Uv... Uf, is the n- 
characteristic polynomial for T = T; UT) UV... UT, then f(T) = 
0VU0”V... VO ie, fi(T) Ufi(T) Vv... UA(T,) =0 V0 VU... 
U0; in other words the n-minimal polynomial divides the n- 
characteristic polynomial for T. 


We just give an hint of the proof. 


Hint: Choose a n-ordered n-basis  {(@},0),...,04,.)  U 
2: 2 2 = 
(a; pO yt Oly. PE et RO (OL 05 5-045) )} for V=V,UV2U... 


U V, and let A= A;UA]U ... UA" be the n matrix which 
represents T = T; U T, U... U T, in the given n-basis. Then 


To, = > Aga ; | <j < nj. This 1s true for each 1; 1.e., true for 
jel 


each T;. Thus p, = > (5,1, —A‘Ia; =0, this equation being 
jel 
true fork =1,2,...,n,1¢,P =P; UP)U... U Py. Suppose K 
=K,U Kv... U K, be a commutative n-ring with identity 
consisting of all n polynomials in T= T; UT, U... U Ty. Let 
B!' UB’ VU... UB" be an element of 
KP aK KM Ly tan 
with entries Bi = 5,7, —A‘I,, k= 1, 2, ...,n. We can show f(T) 


= det B ie., f(T;) U £(T») U ... U f,(T,) = det B! U det B* U 
... UdetB" . 


Using this hint the interested reader can prove the result. 


Now we proceed on to define the notion of a n-subspace W of V 
to be n-invariant under T. 


DEFINITION 2.29: Let V=V; UV2 U... UV, be a n-vector 
space over F. T=T, UT; Vv... UT, be a n-linear operator on 
V. fW=W, UW? Vv... UW, is an-subspace of V, we say that 
W is n-invariant under T if for each vector a= a! Ud VU... U 
a' in W the vector T(q) is in Wi.e., each T(a) € W; for i = 1, 2, 
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..., 0. 1.e., T(W) is contained in W or this is the same as T;(W;) 
is contained in W; for i = 1, 2, ..., n. 


LEMMA 2.5: Let V be a finite (nj, nz, ..., Ny) dimensional n- 
vector space over the field F. Let T= T; UT? v... UT, be an- 
linear operator on V such that the n-minimal polynomial for T 
is a product of linear n-factors p = p; Up2 U... U pn where p; 


= (x-C))’...(x-c, )" (CeP, I sj Shy for t= ty 2Qy2i,m. 
LetW=W' UW? VU... UW" be a proper (W #V) subspace of 
V where each W' =Wit+..+W,, i= 1, 2, ...., n. which is n- 


invariant under T. There exists a vector @ = A; UQ) VU... UG 
in V such that ais not in W; 


(f= C)a(F AC) GO = CUS Us OLE Cha 


is in W for some m-characteristic values C' = (CsCy Gy) is 


ky Sn C =(C.G. ua, ) and so on. 


The proof can be derived without much difficulty; infact very 
straight forward, using the working for each T;: V; Vj; and 
W'=W, +...4+ Wy, , 1 <k, <n; When the result holds for every 


component of V and T it is true for the n-vector space and its n- 
linear operator T which is defined on V. 


The following theorem on the n-diagonalizablily of the n-linear 
operator T on V is given below. 


THEOREM 2.27: Let V=V; UV2 Vv... UV, be a finite (n}, n2, 
.. » Nn) dimensional n-vector space over the field F and let T = 
T; UT, U... UT, be a n-linear operator on V. Then T is n 
diagonalizable if and only if the n-minimal polynomial for T has 
the form, 
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{(x-C7)(x-C2)...(x-CR )} Chios 


{(x-er)lx-e4)-(e-c2 


where C are distinct elements of F (i.e., C Cini , forms a 
distinct set in F, C;,C; a, forms a distinct set in F, so on 


C,C3,..5C; forms a distinct set of F) . 


Proof: We know if T=T,; UT. U... U Ty, is n-diagonalizable 
its n-minimal polynomial is a n-product of distinct linear factors 
i.e., each T;: V; > V; (where V; is a component of the n-vector 
space V=V,; UV2U ... U V, and T; is a linear operator of V; 
and a component of T). 

So we can say if p; = (x -Ci)(x-C)...(x-C, } the 
minimal polynomial associated with the diagonalizable operator 
T; then the p; is a product of distinct linear factors. This is true 
for each 1; 1 = 1, 2, ..., n, Hence the claim. So to prove the 
converse, let W = W' U W’ uU ... U W" be the n-subspace 
spanned by all the n-characteristic n-vectors of T and suppose 
W + V that is; each W'¥ V' fori=1, 2,...,n. 

This implies we have a n-vector a =a! Ua’ U... Ua" not 
in W (i.e., each ee We for 1 We nce n.) and a n- 
characteristic value C=C! UC? U ... UC" of T such that the 
vector B = (T— CI) a lies in Wie., B=B' UP’ UL... U B" then 
B'= (T, -CiI, Ja! lies in W' (1 <j < ki) this is true for each i, i= 
1,2, ..., n. Since B' eW' we have B' =8, +B, +...+ 8, (true for 
each i, i= 1, 2, ..., n) where TB; = C5; ; 1 <j <k,andi=1, 2, 
date n and hence the vector in wi. 
h'(T,)B' =h'(C/)B, +...+h'(C,)B, is in Wi for every 
polynomial h'; this is true for each i, i= 1, 2, ..., n. 

Now pj = (x-C;) qi for some polynomial qj also 


qi —4;)(C;) =x —(C;)h’ (this is true for each i, i = 1, 2, ..., n). 
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We have q,(T,)a'—q,(C\)a' =h'(T,)(T, —CI,)a' =h'(T,)p', 1 
<i<n. But h'(T,)p' is in W; (for each i) and since 0 = p(T;) a' 
= (T, — Cil; )q; (T,)a', the vector q,(T,)a' is in W'. 

Therefore q,(C’)a' is in W'. Since a' is not W' we have 
q;(C;) = 0 true for every i= 1, 2, ..., n. This contradicts the fact 


p; has distinct roots for i= 1, 2, ..., n. Hence the claim. 


How ever we give an illustration of this theorem so that the 
reader can understand how it is applied in general. 


Example 2.19: Let V = V; U V2 U V3 where V; = Q x Q, V2 = 
QxQxQx Qand V3;=QxQ~x Qiie., V a 3-vector space over 
Q of finite dimension and 3-dimension (2, 4, 3) .Define T: V > 
V by T=T, UT, UT;3 Vi; VU V2U V3 9 V1 U V2 U V3 by Ti: 
VV; defined by the related matrix 


iy 2 
A= 


T2:V2—V> defined by the related matrix 


KR nS WwW 


i 
2 
3 
0 


SS 


and T3:V3—V;3 defined by the related matrix 


5 -6 -6 
A,=|-1 4 2 
3-6 -4 


The 3-matrix associated with T is given by 
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2 1 1 =3 
5 -6 -6 

iL 2 0 12 1 
U Ul-l 4 2 

0 2 0 0 3 5 
3 -6 -4 

0 0 0 4 


that is 3-characterstic polynomial associated with T is given by 
C = (x-1)(K-2) U(K-2) (K-1) (K-3) &-4) UK -2Y 
(x— 1) 
= C, U C> U C3. 


The 3-minimal polynomial p is given by 


Pp = Pi’ P2oV ps 
= (x-1)(k-2)U(«-2) (x-1) &-3) K&-YU(«-1) 
(x — 2). 


Hence T is a 3-diagonalizable operator and the 3-diagonal 3- 
matrix associated with T is given by 


oO oO Oo N 
oO oO Fr OS 
So WwW Oo SO 
Lo oO Oo 
oN OS 
NY Oo O&O 


Now we proceed on to describe the n-linear operator which 1s n- 
diagonalizable in the language of n-invariant direct sum 
decomposition. 


DEFINITION 2.30: Let V be a n-vector space over F, a n- 
projection of V=V,; UV; VU... UV, is a n-linear operator E = 
E' UE? vw... U E" on V such that F = E ie, EB? = 


(z') UE? ye Ore Cos y. All properties associated with 


linear operators as projection can be analogously derived. 
Clearly ifV =V,; UV, VU... UV, and V = (W; ®...OW,) U 
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(W, ®...0W,) Ui. U W'®...O8W,") then for each space 
Ws 1 Sisnand1 <j Sk; we can define E, an operator on JV; 
such that if a € V; is of the form a =ai+a) ce, with 
ar € W; define E, (d) = a, i is a well defined rule; this is 


true for each i andj so 
E\+E,+..+E, =E, 


ERE tet hor a 
Bees ast EES es 
E=E' VUE vu... VE" 


Now as in case of linear vector space we can in case of n-vector 
spaces derive the properties of projections. 


Theorem 2.28: Let V=V; UV2 U... UV, be a n-vector space 
over the field F. Suppose each V; = W/ ®...® W, for i= 1, 2, 


oy bey VOW, OAOW, ) OW, OW, O.20W,) Ged 
(W" OW; ®...OW;") then there exists (ky + ky + ... + ky) 
linear operators Te tls EYES ol: ae tee oper ore 


on the n-vector space V such that 


1. Each E. is a projection, i = 1, 2, ..., n; 1Sj; Sk; 

2 Loe =0 if]; zJx 

3. PSE thE, (22. nied at OL Ol, 
4. range of E, =W; for i=1,2,..,n, 1Sjsk; 


Conversely if | ne Dee Oe | Digs Dpeeeeieg Obs soi Ey ei are k; 
+k, + ... + k, linear operators on V which satisfy the condition 
I, 2 and 3 and if we let W; be the range of E, then V = 


(W) ®...0W,) UW, ®...OW,) VU... UW!" ®.. OW). 
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Proof: Now to prove the converse statement we proceed as 
follows; from the basic definition and properties the condition 1 
to 4 are true, which can be easily verified. 

Suppose we have E=E' U E?U ... U E" where each E' is a 


E\,E},....E,. kj number of linear operators of V;, Vi a 


component of the n-vector space V = V; U V2 U ... U V,, and 
what we prove for i, is true fori=1,2,..., n. 
Given E satisfies all the three conditions given in (1) (2) and 


(3) and if we let W; to be range of E’ then certainly V = W' U 
. UW" where W' = W; ®...® W, by condition (3) we have 


fora=alUoe’u...Ua", 


= 11 Teel 1 1 
a=(E,a,+E,0, +..+E, a, ) VU 
CEyOp?Hs0; et Ep Gy, ) Ulan 


n n n n n n 
(E;a; +E,a,+..+E, a, ) 


for each a € V; where each I; = E} +..4+E} ,1=1,2,...,nand 
E, E, =0 ifp#k;1<j<k and a =a\+...4+a, true for i= 
Pp i 
1, 2, ..., n. This is true for each a’ € Vj; and hence for each a € 
V and E‘a’ in W'. This expression for each a’ is unique and 
hence each a is unique, because if a = (a, ist) U 
(a; +a;+...ta,)U..U (a) +a; +...+a; ) is unique with 
; A 5 fee eee 
eacha <« W ,1e., a; € W;. Suppose a = E;f; then from (1) 
and (2) we have 
k, 
ii ii 
Eo = Ee 
k=1 
kj 
= ipiani — 1\2pi 
a DEE Bi = (E;) B; 
=l 


fey ini _ i 
= EB. =a, 
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This is true for every i,1= 1, 2, ...,n and every j,j = 1, 2, ..., kj. 
This proves each V; is direct sum of W', hence V is a direct sum 
Wye Wyo es Wy, Wy...) Wy. Hence the result. 


Now we give a sketch of proof of the following theorem. 
However reader is expected to prove the theorem. 


THEOREM 2.29: Let T= 7T, UT, vu ... UT, be a n-linear 


operator on the n-space V = V; UV U... UV, and let W',..., 
W" and E', E’, ..., E" be as in the above theorem. Then a 
necessary and sufficient condition that each n-subspace W' to 


be n-invariant under T (i.e., each W; invariant under T;) is that 


T commutes with each of the projections E' i.e, TE' = E'T for i 
= 1,2, ..., m (i.e., each T; commutes with E, i.€., TE, = E, T; 
i=1,2,...,nandj =I, 2, ..., kj. 


Proof: Suppose T commutes with each EB 1.e., T; commutes 
with E' for j = 1, 2, ..., kj. This is true for each T; also. Let a = 
a Ua U... U a" with ae W;, then Ea; =a; and for 
T,a, =T,(E,a;) = E'T,a; (since T; commutes with E’ for j = 1, 
2, ...,k; andi= 1, 2, ...,n) .This shows that Tj au) is in the range 
of E; i.e., W, is invariant under T;. 

Assume now that each W; is invariant under Tj, 1 <j <kji=1, 
2, ...,m; we shall show that T,E; = E'\T, for every i, 1 <i <nand 
fc Melia 


ae V, 
a’ = Ela'+...+E.a 
Ta' =TEia'+...4 TE. a’. 
Since ished is in W; which is invariant under T; we must have 
pene en ae ini i 
T(E,a') = EB; for some B;. 


Then E;T,E,a' = E:E,B, 
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es k¥j 


EPif kj. 
EjTa' = E5T,.Eia' +...+ E;TE, 
= EB 
= TEia'. 


This is true for each a' € Vj; so EL = TE; . This result is true 
for eachi,i=1,2,...,n. 


We now prove the main theorem which describes n- 
diagonalization of a n-linear operator. 


THEOREM 2.30: Let T= 7; UT) Uv... UT, be a n-linear 
operator on a finite dimensional n-vector space V = V; UV>2 VU 
. UV, If T is n-diagonalizable and if (CeCe) U 


COC ce) UU (C/,C,..,C; ) are n-characteristic 
values such that for each i, C,C),..,C, are distinct 


characteristic values of T; for i = 1, 2, ... , n, then their exists n- 
linear operators 


Dien Obseraeee Dea rae Segre Decperery Dray cemieeton (ie OMgeneer DE) 
on V such that 


1 T=(CiE)+...+C. E,) U(CE) +..4+ CRE) UU 
(CECE; ) 


25 DCB, PE i Be ORO (Ee vi Be Ph 


oT. 


3. E.E,=0,j #k. 


sae op amas oe 
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5. The range of each E is the characteristic space for T; 


associated with cS ; 


Conversely if there exists (k}, kz, ..., k,) set of k; distinct n- 
scalars Ci,Cj,..,C,, i = 1, 2, .., n and k; distinct linear 


operators E.,E},...,E, ; i = 1, 2, ..., n which satisfy conditions 


(1), (2) and (3) then T; is diagonalizable; hence T = T; UT; VU 

U 1, is n-diagonalizable. CG Grn G are distinct 
characteristic values of T; for i = 1, 2, ..., n and conditions (4) 
and (5) are satisfied. 


Proof: Suppose that T is n-diagonalizable i.e., each T; of T is 
diagonalizable with distinct characteristic values (C,,C),...,C;, ) 


U CCC cuCe) Wun (Ci Ch CE), ley each-set of 
(Cj,C;,...,C,) are distinct. Let W; be the space of 


characteristic vectors associated with the characteristic values 
C; . As we have seen. 


V=(W, @..OW, )UCW, ®... OW. )U..U 
(CW; od... Wy ) 

where each V;= W; ©...® Ww, fori=1,2,...,n. 
Let 1S fl eee or be the projections associated with this 
decomposition given in theorem. Then (2), (3), (4) and (5) are 
satisfied. To verify (1) we proceed as follows for each a = a! U 
aU... Ua"in V; a! eVs a'= Eia+...+E,o. and so 
Tia = TEa'+..4+TE.a’ 

= Cipla! +...4Cl Bil. 
In other words T; = C\E, +...+C,, E,, . Now suppose that we are 


given a n-linear operator T= T; U T, U... U T, along with 
distinct n scalars C' UC? U.... U C" = C with scalar C; and 


non zero operator E. satisfying (1), (2) and (3) . This is true for 
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eachi=1,2,...,nandj=1, 2, ...,k;. Since Ei.E, =0 whenj ¥ 
k, we multiply both sides of 
I = |,UbLyv...VvUlh 
= (E,+E,+...+E, )U(E) +E; +..+E, )U...u 

(E; +E, +...+ Ey ) 

by E; UE? u...UE? and obtain immediately 
E},E?,...—E" =(ELY UE? Yu... UE?Y. 

Multiplying 
T= (CBee CB Uo CB eae CBr) 


by El UE; u...UE? we have 

TE} UTE; U...U TE? = CEL UC{E? vu... CTE? 
which shows that any n-vector in the n range of 
E,VE;U..UE? is in the n-null space of (T — CI = 
(T, -Cil,)v...U(T, -C°l,) where I=I,; Ulu ... UI). Since 
we have assumed E} VE; U..UE" #0 U0U... U 0, this 
proves that there is a nonzero n-vector in the n-null space of 


(T -Cl) = (T, -Cil,)vu...U (7, -C'l,) 

1.e., that Cc is a characteristic value of T; for each i,1= 1, 2, ..., 
n; for if C' is any scalar then (T; — C'l;)) = (C}-C') Ei +...+ 
(C, -C) E,, tue fori=1, 2,....,ns0if (j= C'L)a' = 0, we 
must have (C; —C') E'a' = 0. If a' must be the zero vector then 
E\a' #0 for some j so that for this j we have C,—C' =0. 

Certainly T; is diagonalizable since we have shown that 
every non zero vector in the range of E; is a characteristic value 
of T; and the fact that I, = Ej +...+ Be , Shows that these 


characteristic vectors span Vj. This is true for each i, i= 1, 2, ..., 
n. All that is to be shown is that the n-null space of (T — CI) = 


(T, -C,I,) U (T, -CiI,) U ... U (T, -CHI, ) is exactly the n 


rE: 


range of EL U...UE?, but this is clear because Ta = Ca ie., 


T,c' = Cia’, for each 1,1= 1, 2, ...,n. Thus 
k; kj : : es 32 
U>i (Ci -CEia' =0;ie., 
ie 


k, ky k, 
d(C; -CE;a! U (Cj -Ce)Eja? UV... > (CF - Ch) Eja” 
jel j=l jel 

=0U0LYU... U0. 


Hence ((C; —C,,)Eia’ = 0 for each j; and each i = 1, 2, ..., n 
and Eia' = 0, k # j; for each i, i = 1, 2, ..., n. Since a! = 
E\a'+...+E,a' for each i and Eia' = 0 for j #k we have a! = 
E'a' which proves that a' is the range of E!. This is true for 


each i hence the claim. 


We give the statement of the primary decomposition theorem 
for n-vector space V. 


THEOREM 2.31: Let T= 7, UT) uv... UT, be a n-linear 
operator on the finite dimensional n-vector space V = V; UV; 
U... UV, over the field F. Let p = p' Up’ U... Up" where p' 


= pi p?..p,, i=1, 2, nie, 
= jh oe ih ror re rt pt re, 
P= Py Pi3--Pir, O Pri P2a+Prk, Ge Pry Pid Prk, 
where p,, are distinct irreducible monic polynomials over F and 
the r; are positive integers. Let W; be the null space of as, 
k=1,2,...,k; i= 1, 2, ...,n then 


1 VSG 60 PW OW) Oe 
(WE O:OW,) 


2. each W' is invariant under T,, i = 1, 2, ....n, 1 <r Sk, 
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3. if T; is the operator induced on W; by T; then the 


minimal polynomial for T;; is pi} , true for j = 1, 2, ..., k; 
andi = 1, 2, ..., Nn. 
Several interesting results can be found in this direction 
analogously. 
Now we define the notion of n-diagonalizable part and n- 
nilpotent part of a n-linear operator T. 
Given V=V, UV2U... U Vy is a n-vector space over the 


field F. T= T; U T, U... U T, a n-linear operator on V. 
Suppose the n-minimal polynomial of T is the product of first 


degree polynomials, i.e., the case in which each p; is of the 


form x -C; . Now range of E; , for each Tj; in T is the null space 


W; of ((T, -city! . This is true for each i, i= 1, 2, ...,n. Put 


D = D,UDY...UD, 
= (CE, +CE, +..4+C,E, )U 
(CENCE sar CE, 
(ChE? +C,E, +..+C, Ey ). 
Clearly D is n-diagonalizable operator which we define or 
call as the n-diagonalizable part of T. Let as consider N = T — D. 


Now 
oS [Eee EOE te Ee ea 


PE rast By | 


Do (CH $C Etat C Be) 
(GE aC Ee © Edo 
(CrE; +C jE, +..+C, Ey ) 


NYO) 
N = [(T,-CiI)E} + (1, - CULE; +...+(1, -Ci, JE, ] U 


(= 


[(T, -CiI)E; + (T, — Ci], JE; +...+ (1, Cy, JEL, J 
U...U[T, -Cr Ee; +...+ (7, -G, I) ]- 
Clearly 


N= [(1,-CI)E, +...4(,-C, 1, YE, 1U 
P= C1). Bret G1) Ee 
[G,-Cny Ep +..+(E, — Ce Ee] 


and in general we have 


NoS (CAC) Eee], ) En © 
[(T, — Cty PE; +...+ (1, — CT Ex, J 


where r>(r', 1°, ..., r") ie, r> en ie ee ae | ( by misuse of 
notation) we have N’ = 0 because the n-operator (T — CI)’ will 
be OU0U...U 0) ie. each (T;-CI,) 1} =0 where r> r for 


j=1,2,...,kjandi=1, 2, ...,n. 
Now we define a nilpotent n-linear operator T. 


DEFINITION 2.31: Let N be a n-linear operator on V = V; UdV> 
U... UV, we say N is n-nilpotent if there exists some positive 
integer r,r >r;i=1, 2, ..., n such that N" = 0. 


Note: If N=N,; UN. vu... U Ny then N;: V; > V; 1s of 
dimension nj, nj 4 nj if 1 +) true fori = 1, 2, ..., n so we may 
have N =0,1=1,2,...,n. We may not have r=r, ifi ane 
hence the claim. 


Now we give only a sketch of the proof however the reader is 
expected to get the complete the proof using this sketch. 


THEOREM 2.32: Let T= T7T; UT) vu... UT, be a n-linear 
operator on a finite dimensional n-vector space V = V; UV? VU 
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.. UV, over the field F. Suppose the n-minimal polynomial for 
T decomposes over F in to product of n-linear polynomials, then 
there is a n-diagonalizable n-operator D on V and a n-nilpotent 
operator N on V such that 

I. T=D+N 

II. DN=ND. 
The n-diagonalizable operator D and the n-nilpotent operator N 
are uniquely determined by (I) and (II) and each of them is a n- 
polynomial in T. 


Proof: We give only a sketch of the proof. However the 
interested reader can find a complete proof using this sketch. 

Given V=V; UV. UL... U Vy finite (nj, ny, ..., ny) 
dimensional a n-vector space. T= T; UT U... UT, a n-linear 
operator on T such that T;: V; > V; for each i= 1, 2, ...,n. We 
can write each T; = D; + Ni, a nilpotent part N; and a 
diagonalizable part D;; i= 1, 2, ..., n. 

Thus 
T = T,UT,U...UT, 

(Ni + Di) U (No + Da) U «2. U (Na + Dy) 
= (N,UNYU...UN,)+(D; UD, VU... UD,) 


L.e., T=N+D where N=N,; UND VU... UN, and D=D, U Dp 
U ... U Dy. Since each D; and N; not only commute but are 
polynomials in T; we see D and N commute and are n- 
polynomials of T, as the result is true for each 1,i1= 1, 2,..., n. 
Suppose we have T= D' +N’, ice., 


TO OT ITs ae RIT 
= (D/+N))U(Di+N))U...U(DIL +N!) 


where D'! is the n-diagonalizable part of T i.e., each D} is the 


diagonalizable part of T; for 1 = 1, 2, ..., n and N' the n- 
nilpotent part of T i.e., each N; is the nilpotent part of T; for 1 = 
| Rees iF 


Ty 


Since each D; and N; commute for i= 1, 2, ..., n we have D' 


and N' also n-commute with any n-polynomial in T. Hence in 
particular they commute with D and N. 

Now we have D + N=D! +N! ie.,D-—D!'=N!'—N and 
these four n-operator commute with each other. Since D and D! 
are n-diagonalizable they commute and so D — D' is also n- 
diagonalizable. 

Since both N and N' are n-nilpotent they n-commute and 
the operator N — N' is also n-nilpotent. Since N — N' = D—D' 
and N —N' is n-nilpotent we have D — D' the n-diagonalizable 
n-operator is also n-nilpotent. 

Such an n-operator can only be a zero operator, for since it 
is n-nilpotent, the n-minimal polynomial for this n-operator is of 
the form x" Ux? U...Ux™ with x" =0 for appropriate m; > 1, 
i= 1, 2, ..., n. But since the n-operator is n-diagonalizable the 
n-minimal polynomial cannot have repeated n-roots hence each 
rt, = 1 and the n-minimal polynomial is simple x Ux U... Ux 
which confirms the operator is zero. Thus we have D = D! and 
NEN. 


The interested reader is expected to derive analogous results 
when F is the field of complex numbers. 

Now we proceed on to work with n-characteristic values n- 
characteristic vectors of a special n-linear n-operator on V. 

Given V is a n-vector space say of finite dimension, V = V, 
UV2U... U V, of dimension (n;, ny, ..., N») defined over the 
field F. Let T=T, UT) U... UT, be a special n-linear operator 
on V; 1.e., Tj: Vi > V; for each 1, 1= 1, 2, ..., n. 

We say C=(C; UC, U ... U C,) is a n-characteristic value 
of T if some n-vector & = @, U 2, U... U OG, we have Ta = Ca, 
L.e., Ta =(T; UT, UV... U Th) (Q) U 2 Uw. U On) = (C} U Cn 
U...UG,) (@; Ua) U... UG) Le., T,. T= Tia; U Toa) U ... 
U Trad, = Cra, U Cra, U ... U Cady, Le., each T;a; = Cio; for i 
=1,2,...,n. 

Here @ = O; U Q) U ... U Oy Is defined to be the n- 
characteristic vector of T. The collection of all @ such that Ta = 
Ca is called the n-characteristic space associated with C. 
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We shall illustrate the working of the n characteristic 
values, n-characteristic vectors associated with aT. 


Example2.20: Let V = V; U V2 U V3 be 3 vector space over Q 
where V;}=QxQxQ, V2=Q x Qand V;=QxQxQ x Qare 
vector spaces over Q of dimensions 3, 2 and 4 respectively 1.e., 
V is of (3, 2, 4) dimension. Define T: V — V where the 3- 
matrix associated with T is given by 

A= Ay U A> U A3 


102 1 
3 0 2 
T-2 02 5 0 
=/0 1 5]vuU U 
0 3 003 7 
0 0 7 
0 0 0 4 


Now we will determine the 3-characterstic values associated 
with T. The n-characteristic polynomial 


= (x-3)(x-1)(k-7)U(K-1) (k-3)U («x- 1) (k- 2) 
(x — 3) (x—4). 


Thus the 3- characteristic values of A = A; U A, U A; are {3, 1, 
Tt U I, 3} U C1, 2, 3, 4}. One can find the 3-characteristic 
values as in case of usual vector spaces and their set theoretic 
union will give 3-row mixed vector, which will be 48 in number 
as we have 48 choices for the 3-characterstic values as {3} U 
(13 U th, 3) UY Ub 124, 13) YU UY 13h, BU UB YU 
{4 so on and {7} U {3} U {4}. 


fe, 


Now having seen the working of 3-characteristic values we 
just recall in case of matrices A we say A is orthogonal if AA‘ = 
I. Further A is anti orthogonal if AA'=— I. 


Now we for the first time define the notion of n-orthogonal 
matrices and n-anti orthogonal matrices. 


DEFINITION 2.32: Let A = (A; VA? VU... UA,) be a n-matrix. 
A'=(A, VU... VA) = AUAULUA, 
AA’ = AAU A,A,U...U AA’. 

We say A is n-orthogonal if and only if AA’ =I, Ub Uw... U 
I, where I; is the identity matrix, i.e., if A = A; UA2 U... UA, is 
m; xn; matrix i = 1, 2, ...,n; then AA. =I, UL, VU... UI, is such 
that I; is a m; x m; identity matrix, j = 1, 2, .... n. We say A is 
anti orthogonal if and only if AA’ = (— I) U(-L) v ... UCL, 
where I; is m; x m; identity matrix i.e., if 


100 0 
0 1 0 =0 
I —. 
00 1 +0 
000 1 
then 
-l 0 0 0O 
0 -1 0 O 
a fi — 
0 0O -1 O 
0 0 O -!I 


Now we say AA’ is n-semi orthogonal if AA' = B; UB) VU... U 
B, ; some of the B;’s are identity matrices and some are not 
identity matrices on similar lines we define n-semi anti 
orthogonal if in AA’ = C; UC) U... UC, some C;’s are —I; and 
some are not — I; 


It is not a very difficult task for the reader can easily get 
examples of these 4 types of n-matrices. 
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Chapter Three 


APPLICATIONS OF 
N-LINEAR ALGEBRA OF TYPE | 


In this chapter we just introduce the applications of the n-linear 
algebras of type I. We just recall the notion of Markov bichains 
and indicate the applications of vector bispaces and linear 
bialgebras in Markov bioprocess. For this we have to first 
define the notion of Markov biprocess and its implications to 
linear bialgebra / bivector spaces. We may call it as Markov 
biprocess or Markov bichains. 

Suppose a physical or mathematical system is such that at 
any moment it occupies two of the finite number of states 
(Incase of one of the finite number of states we apply Markov 
chains or the Markov process). For example say about a 
individuals emotional states like happy, sad etc., suppose a 
system move with time from two states or a pair of states to 
another pair of states; let us construct a schedule of observation 
times and a record of states of the system at these times. If we 
find the transition from one pair of state to another pair of state 
is not predetermined but rather can only be specified in terms of 
certain probabilities depending on the previous history of the 
system then the biprocess is called a stochastic biprocess. If in 
addition these transition probabilities depend only on the 
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immediate history of the system; that is if the state of the system 
at any observation is dependent only on its state at the 
immediately proceeding observations then the process is called 
Markov biprocess or Markov bichain. 


The bitransition probability pj = p;, U pi, Gj = 1, 2... 
k) is the probabilities that if the system is in state j = (j;, jo) at 


any observation, it will be in state 1 = (1), 12) at the next 
observation. A transition matrix 


P= [pil = Ea U [pei | 
is any square bimatrix with non negative entries for which the 
bicolumn sum is 1 U 1. A probability bivector is a column 
bivector with non negative entries whose sum is 1 U 1. 

The probability bivectors are said to be the state bivectors of 
the Markov biprocess. If P = P; U P» is the transition bimatrix 


of the Markov biprocess and x" = x} Ux; is the state bivector at 


the n™ observation then x" = P x and thus x? U xf"? = 


P, x? UP, x%”. Thus Markov bichains find all its applications 
in bivector spaces and linear bialgebras. 


Now we proceed onto define the new notion of Markov n-chain 
n => 2. Suppose a physical or a mathematical system is such that 
at any time it can occupy a finite number of states; when we 
view them as stochastic biprocess or Markov bichains when we 
make an assumption that the system moves with time from one 
state to another so that a schedule of observation times keeps the 
states of the system at these times. But when we tackle real 
world problems, say even for simplicity; emotions of a person 
may be very unpredictable depending largely on the situation 
and the mood of the person and its relation with another so such 
study cannot come under Markov chains. Even more is the 
complicated situation when the mood of a _ boss with 
subordinates; where mood of a person with a n number of 
persons and with varying emotions at a time and in such cases 
more than one emotion is experienced by a person and such 
states cannot be included and given as a next set of observation. 
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These changes and several feelings say at least n at a time (n > 
2) will largely affect the transition n-matrix 


P=P,U...UP, =|p; Ju.-U [pr ] 


ih lnJn 


with non negative entries which we will explain shortly. We 
indicate how n-vector spaces and n-linear algebras are used in 
Markov n-process (n > 2), when n = 2 the study is termed as 
Markov bioprocess. We first define Markov n-process and its 
implications to linear n-algebra and n-vector spaces; which we 
may call as Markov n-process and Markov n-chains. 

Suppose a physical or a mathematical system is such that at 
any moment it occupies two or more finite number of states (in 
case of one of the finite number of states we apply Markov 
chains or the Markov process; in case of two of the finite 
number of state we apply Markov bichains or Markov 
biprocess). For example individual emotional states; happy, sad, 
cold, angry etc. suppose a system move with time from n states 
or an tuple of states to another n-tuple of states; let us construct 
a schedule of observation times and a record of states of the 
system at these times. If we find the transition from n-tuple of 
states to another n-tuple of states not predetermined but rather 
can only be specified in terms of certain probabilities depending 
on the previous history of the system then the n-process is 
called a stochastic n-process. If in addition these transition 
probabilities depend only on the immediate history of the 
system that is if the state of the system at any observation is 
dependent only on its state at immediately proceeding 
observations then the process is called Markov n-process or 
Markov n-chain. 


The n-transition probability 
2 n 


pe = ps a ee 
i,j= 1,2, ..., Kis the probabilities that if the system is in state j 
= (ji, Jo, ---5 Jn) at any observation it will be in state 1 = (1), to, ..., 
1,) at the next observation. 


A transition matrix associated with it is 
1 n 
P= [p,] = [p;,;, | U...U [D; ;. | 
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is a Square n-matrix with non negative entries for all of which n- 
column sum is (1 U... U1). A probability n-vector is a column 
n-vector with non negative entries whose sumis1U... U1. 

The probability n-vectors are said to be the state n-vectors 
of the Markov n-process. If P = P; U ... U P, is the transition n- 
matrix of the Markov n-process and x" = x," U...U x" 1s the 
state n-vector at the m" observation then x"? = Px™ and thus 

m-+1 


xmtU xm = P(x™) UU... Px™. Thus Markov n- 


chains find all its applications in n-vector spaces and linear n- 
algebras. (n-linear algebras). 


Example 3.1: (Random Walk): A random walk by n persons on 
the real lines 1.e. lines parallel to x axis is a Markov n-chain 


such that p,, U...UDpj, =0U... U0ifk,=j,-lorj.t1,t 


= 1, 2, ..., n. Transition is possible only to neighbouring states 
from j to} — 1 andj + 1. Here state n-space is S=S,;U... US, 
where S; = {...-3 -2-10123...}5;1=1,2,..., n. 


The following theorem is direct. 


THEOREM 3.1: The Markov n-chain {X,,;m, 20} U.. UY 
{X,,, 3m, 20} is completely determined by the transition n- 
matrix P = P; vu... U P, and the initial n-distribution 
(PB Us OP, } defined as 
P[X} = K\]U...U P, [Xt = Ky] 
=P, VU...U Pe 2 OV... UO 


and 


D2 Py Ui Y ye Dp, =1VU.. Ud. 
K,¢S, K,éS,, 


The proof is similar to Markov chain. 


The n vector u=(u;,...u,,)U...U(u; ...u, ) is called a 


probability n-vector if the components are non negative and 
their sum is one. 
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The square n-matrix P= P; U...U Py =(p<) Mase (De) 


is called a stochastic n-matrix if each of the n-row probability n- 
vector i.e. each element of P; is non negative and the sum of the 
elements in each row of P;is one fori= 1, 2, ..., n. 


We illustrate this by a simple example. 


Example 3.2: Let 


‘% Bes te 
P=|4 4% Kl 4 ‘ 
Ke ey 


be a stochastic 3-matrix. 


The transition n-matrix P of a Markov n-chain (m-n-C) is a 
stochastic n-matrix. A stochastic n-matrix A = A; U... U A, is 
said to be n-regular if all the entries of some power of each A; 
i.e. A,” is positive, m;’s positive integer for every i,i=1,2 ..., 
ni 1,€. (4, a.5 My) > Cy ly ay De A= Al W.VA, em 
(mj), ...,M,) with A;" >0 for each i so that we state A" > (0 U 

. U 0). It is easily verified that if P = P) U... UP, is a 
stochastic n-matrix then P” is also a stochastic n-matrix for all 
m > (1, 1, ..., 1). Is P a stochastic n-matrix if P" is a stochastic 
n-matrix? 

Prove (1, ..., 1) is a n-eigen value of a stochastic n-matrix 
Le. 1fA=A,U...UA; |JAI-AJ=0OU... U0 >A=(1,..., 1) 
if |AiI; — Ay] U... U |Agln — An] =O UO VU... U0 U0, implies A 
= (Ay, ..., An) = C1, ..., 1). We define n-independent trials 
analogous to independent trials if 

PoP ps ac Pe 
and 
Pe SPS PP Usa PE 
=P,U...UP, 
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for all m= (1, ..., 1) where Dis =p; for t= 1, 2, ..., nie. all 


the rows of each P; is the same then we say P is an n- 
independent trial. 

We can also define the notion of Bernoulli n trials. We just 
depict n-random walk with absorbing barriers. Let the possible 
pSiates-Der(Ey Envy Be Oa (EG Ee Ee.) 


Consider the n-matrix of transition n-possibilities 


P= PULP 
1 0 O 0 1 0 0 .. 0 
G, 0 “py. wee. 0 G. (Ope. a> 20 
=|0 gq O p Of} Vu |O g, O p, : 
q; 0 0 qn 
Of tse O: Whee Os 2% Or Wiles 


From each of the interior n states 
{E, Ee De) TE setoy Bots 
n-transmission are possible to the right and left neighbour with 
(P. Di, +t = Pr: (P.)i, i,t =q,;t=1,2,...,n. 
However no n-transition is possible from _ either 
E, =(E, U...U Ef) and E, =[E, U... UE? ] to any other n- 


State. 
This n-system may move from one n-state to another but 


once Ep or Ex is reached the n-system stays there permanently. 
Now we describe random walk with reflecting barriers. 


Let P = P , Ue U Pi be a n-matrix with 
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gq pO 0 0 0 
qg Op... 0 0 0 
P=|0 g, 0 p 0 0 O 
OF 0s <6 q 0 p' 
0 0 0 0 q p 
q’ p O 0 0 0 
q’ O p.. 0 0 0 
U..U]0 gq? 0 p" 0 0 0 
0 0 O q’ 0 p 
0 0 O 0 q' p 


p and q' for t= 1, 2, ..., n is defined by 
p' if j, =i,+1 
P, =P" (X, = J; IX, =i) = jq' if j, =0 
0 otherwise 
true for t= 1,2, ...,n. 


12) 


It may be possible that p;, =0, p,, =0 but Pi, >0. We 


say the state j, is accessible from state i, if Pe >0 for some n > 


0. 

In notation 1, > }j; 1.e. i, leads to j,. If 1, > J, and j, > i, then i, 
and j, communicate and we denote it by i <> j;, if this happens 
we say they n-communicate. If only some of them communicate 
and others do not communicate we say the n-system semi 
communicates. 


Here 
q'p'' for j, =0,1,2,...,i, +n, -1 
Ay) 


P.. 


Ud 


oF ih p" for ji = ji +n, 
0 otherwise. 


The state i, 1s essential if 1, > j, implies 1, < j; 1.e. if any state j, 
is accessible from 1; then i; is accessible from that state, true for t 
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= 1,2, ..., n. Let 3 = 3; U... U 3S, denote the set of all 
essential n state i.e. each 3, denotes the set of all essential states, 
t= 1,2, ...,n. States that not n-essential are called n-inessential. 
We have semi essential if a few of the 3,’s are essential. We 
have semi essential state as m-essential state where m < n and 
only m out of the n states are essential rest inessential or n — m 
inessential state. 

A Markov n-chain is called n-irreducible (or n-ergodic) if 
there is only one n communicating class i.e. all states n- 
communicate with each other or every n-state can be reached 
from every other n-state. 

A n-subset c=c) U... Uc, of S=S; U... U Sy is said to 
be closed (or n-transient) if it is impossible to leave c in one step 


Le pp= OW. UO Te pe wep. = 00.0 0 forall i 


EC Le. (ij, ...5 In) € C} U... U Cy and all (fy, ..., jn) € c for all i 
ec,andallj, ¢ cy t=1,2,...,n. 

We say an-subset c=c,; U... Uc, of S=S,;U... US, Is 
semi n-closed (or semi n-transient) if it is impossible to leave 
(only m of the) ¢,’s, 1 < t <n, m<n in one state; ie. p,; =0 


for all i, € c,, and for all j, € c;. We call this also m-closed (m < 
n) or m-transient, m = 1, 2, ...,.n—l. Ifm=n-—1 wecallc to be 
hyper n-closed (or hyper n-transient). 

A Markov n-chain is n-irreducible if the only n-closed set in 
S is S itself i.e., there is no n-closed set other than the set all of 
n states. 

We say a Markov n-chain is semi irreducible or m- 
irreducible (m < n) if the closed sets inS =S; U... US, are m 
in number from the n-states {S,, .... S;}, m<n. Ifm=n- 1 
then we say the Markov n-chain is hyper n irreducible. 

A single n-state {K,, ..., K,} forming a closed n-set is 
called n-absorbing (n-trapping) 1.e., a n-state such that the n- 
system remains in that state once it enters there. Thus a n-state 
{Ki, ..., Ky} is n absorbing if the {K(\",..., K"} rows of the 


transition n-matrix P = P; U ... U P, has 1 on the main n- 
diagonal and 0 else where. 
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= P; U... U Py, be a transition 4 matrix 


Example 3.3: Let P 


given by 


») 
So ea i eh OE ee 
St Ss OSs 3S: Ss 
N 00 
BS eS St 1S (eS 


Clearly the n-absorbing state is (4, 3, 1, 6). 
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Several interesting results true in case of M C can be proved for 
M — n-C with appropriate changes and suitable modifications. 


Now we briefly describe the method for spectral m- 
decomposition (m = 2). Let P= P} U... UP» be aN x N m- 
matrix with m set of latent roots 
Mivedyg hy Side song ty Anal distinct “and. “simple: i.e: 


each set of latent roots {A; didn) are all distinct and simple for 


t=1,2,...,m; then 
(ak aU Oars Paar Ue = 0.0 


for the n-column latent n-vector U; U...UU;" and 
Vi (B.-A, DU...UVE (P,-ATD=0U... U0 
for the row latent n-vector V; U... UV,". 
Ai Uo. UAE =U, Vi U..UUE VE 
are called m latent or m-spectral m-matrix associated with 
Os eto Me) de ly 25 snag Ng Cady 2, cag ath 


The following properties of A, U...U A} are well known 


(i) A, U...U A? ’s are m-idempotent ie. 
(APU..UABY= ALU... AR 
2 
i.e. each (A; ) = Aj Mal, 2.4.1, 
(11) They are n-orthogonal 1.e. 
AAS = 0014), Sty 2i. mi 
(111) They give a spectral pee comes en 


Nan 
PLU... = Saal is LUD ABAD . 
inal 


It follows from (1) to (111), that 


K _ 9K Ke 
PP =P U...UP = 
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Ni K, Nu Kn 
[Sex Ai vn (Siae Ar | 


N, Na 
a AA, Vat DAA: 
i=l 


i,=l 


Ni Na 
_ K 1 I’ K,, 77m m' 
= aSulv! v...U DAU Vv. 


i=l in=l 
Also we know that 
Pe] UD Use UDO); U2soU"D 2 (U") 
where U = {Uj,...,U,} U...U {U?,..., Uy } and 


D = D,UMDY...UDy» 
Re On 3 0 Mie ° Ol See. 220 
Oc Aer -sase TO OAS eee. 30 
= a o/s P 
O. <Q" <3 AN, Oi Qin “See he 


Since the n-latent n-vectors are determined uniquely only upto a 
multiplicative constant, we have chosen them such that 


U,V, Owe VS ee OD). 
One can work for any m-power of P to know A; ’s and A; ’s; t 


= 1, 2, ..., m. Now even if we say PS =P" U...UP<" we 
work for K = (Ky, ..., Km) and when the working with any P, 1s 
over that t® component remains as it is and calculations are 
performed for the rest of the components of P. With the advent 
of the appropriate programming using computers simultaneous 
working is easy; also one needs to know in the present 
technologically advanced age one cannot think of computing 
one by one and also things do not occur like that in many 
situations. So under these circumstances only the adaptation of 
n-matrices plays a vital role by saving both time and economy. 
Also stage by stage comparison of the simultaneous occurrence 
of n-events is possible. 
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Matrix theory has been very successful in describing the 
interrelations between prices, outputs and demands in an 
economic model. Here we just discuss some simple models 
based on the ideals of the Nobel-laureate Wassily Leontief. Two 
types of models discussed are the closed or input-output model 
and the open or production model each of which assumes some 
economic parameter which describe the inter relations between 
the industries in the economy under considerations. Using 
matrix theory we evaluate certain parameters. 

The basic equations of the input-output model are the 
following: 


ai, AyD ain P; P, 
Ax, Any as, P2 | _ | P2 
an an i Aan Py Py 


each column sum of the coefficient matrix is one 
1. piz0,i=1,2,..., n. 
il. 2 Og Ji dy 2 Seay TG 


lil. aij + a2; ae ioe anj = 1 


forj=1,2,...,n. 


are the price vector. A = (aj) is called the input-output matrix 
Ap = p that is, (I— A) p=0. 
Thus A is an exchange matrix, then Ap = p always has a 


nontrivial solution p whose entries are nonnegative. Let A be an 
exchange matrix such that for some positive integer m, all of the 
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entries of A™ are positive. Then there is exactly only one 
linearly independent solution of (I — A) p = 0 and it may be 
chosen such that all of its entries are positive in Leontief open 
production model. 

In contrast with the closed model in which the outputs of k 
industries are distributed only among themselves, the open 
model attempts to satisfy an outside demand for the outputs. 
Portions of these outputs may still be distributed among the 
industries themselves to keep them operating, but there is to be 
some excess some net production with which to satisfy the 
outside demand. In some closed model, the outputs of the 
industries were fixed and our objective was to determine the 
prices for these outputs so that the equilibrium condition that 
expenditures equal incomes was satisfied. 


xX; = monetary value of the total output of the i" industry. 


d; = monetary value of the output of the i” industry needed to 
satisfy the outside demand. 


Oi; = monetary value of the output of the i" industry needed by 
the j"" industry to produce one unit of monetary value of its own 


output. 


With these qualities we define the production vector. 


the demand vector 
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and the consumption matrix, 


01, Op 01% 
(e) fe) (eo) 
21 2 2k 
C= : 
Ox, Ox O1K 


By their nature we have 
x20,d>0and C20. 


From the definition of oj and x; it can be seen that the quantity 
Oj X1 + Oj2 X2 +... 4+ Ox Xk 


is the value of the output of the i™ industry needed by all k 
industries to produce a total output specified by the production 
vector x. 

Since this quantity is simply the i" entry of the column vector 
Cx, we can further say that the i" entry of the column vector x — 
Cx is the value of the excess output of the i industry available 
to satisfy the outside demand. The value of the outside demand 
for the output of the i” industry is the i entry of the demand 
vector d; consequently; we are led to the following equation: 


x —Cx=dor 
(di-—C)x=d 


for the demand to be exactly met without any surpluses or 
shortages. Thus, given C and d, our objective is to find a 
production vector x = 0 which satisfies the equation (I — C)x = 
d. 

A consumption matrix C is said to be productive if (1 — C)' 
exists and (1—C)'>0. 

A consumption matrix C is productive if and only if there is 
some production vector x = 0 such that x > Cx. 

A consumption matrix is productive if each of its row sums 
is less than one. A consumption matrix is productive if each of 
its column sums is less than one. 
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Now we will formulate the Smarandache analogue for this, 
at the outset we will justify why we need an analogue for those 
two models. 

Clearly, in the Leontief closed Input — Output model, 
pi = price charged by the i" industry for its total output in reality 
need not be always a positive quantity for due to competition to 
capture the market the price may be fixed at a loss or the 
demand for that product might have fallen down so badly so 
that the industry may try to charge very less than its real value 
just to market it. 


Similarly aj 2 0 may not be always be true. Thus in the 
Smarandache Leontief closed (Input — Output) model (S- 
Leontief closed (Input-Output) model) we do not demand p; = 0, 
pi can be negative; also in the matrix A = (aj), 


aij + a2; “Paes ely #1 


so that we permit aj's to be both positive and negative, the only 
adjustment will be we may not have (I — A) p = 0, to have only 
one linearly independent solution, we may have more than one 
and we will have to choose only the best solution. 

As in this complicated real world problems we may not 
have in practicality such nice situation. So we work only for the 
best solution. 

On similar lines we formulate the Smarandache Leontief 
open model (S-Leontief open model) by permitting that x > 0 ,d 
> 0 and C = 0 will be allowed to take x < 0 ord < 0 and or C <0 
. For in the opinion of the author we may not in reality have the 
monetary total output to be always a positive quality for all 
industries and similar arguments for di's and C;;'s. 


When we permit negative values the corresponding production 
vector will be redefined as Smarandache production vector (S- 
production vector) the demand vector as Smarandache demand 
vector (S-demand vector) and the consumption matrix as the 
Smarandache consumption matrix (S-consumption matrix). So 
when we work out under these assumptions we may have 
different sets of conditions 
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We say productive if (1 — C)' = 0, and non-productive or 
not up to satisfaction if (1 -—C)' <0. 

The reader is expected to construct real models by taking 
data's from several industries. Thus one can develop several 
other properties in case of different models. 

Matrix theory has been very successful in describing the 
interrelations between prices outputs and demands. 

Now when we use n-matrices in the input — output model 
we can under the same set up study the price vectors of all the 
goods manufactured by that industry simultaneously. For in the 
present modernized world no industry thrives only in the 
production one goods. For instance take the Godrej industries it 
manufacturers several goods from simple locks to bureau. So if 
they want to study input output model to each and every goods 
it has to work several times with the exchange matrix; but with 
the introduction of n-mixed matrices we can use the n-matrix as 
the input output n-model to study interrelations between the 
prices outputs and demands of each and every goods 
manufactured by that industry. Suppose the industry 
manufactures n-goods, n = 2. 

Thus A = A; U ... U A, is an exchange n-matrix where 
each A; is a n; X n; matrix i= 1, 2, ..., n. The basic n-equations 
of the input — output model is the following 


aj; AyD Fin, , 
p 
1 2 1 1 
a a a 
21 22 2n : 
oy 
1 
a! q! 1 Pn, 
n,1 n,2 n,n, 
2 2 2 
ai; AyD Fin, ‘ 
2 2 2 P; 
a a a 
21 22 2n : 
: : eo opera 
2 
a2 a2 2 Pn, 
ny! n,2 N,N, 
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G1, Ay Ain, 4 
n n n P; 
a>) Ar aay = 
: n 
n n n Pn, 
and an 2 ann 
1 2 
P, Pi Pp; 
a LO een eee Oe ee 
1 1 n 
pe a Ps, 


each n column sum of the coefficient n-matrix is (1 U... U 1) 


(i) p, 20; t=1,2,...,n. 
Gi) al, 20) 1j= 1,5 panda han 


sieve t t t . = 
(ii1) a; +a; +...+4a, 5 =1 forj,= 1,2, ...,n,andt=1, 2, ...,n. 


P; P; p; 

1 2 n 

= P> P> p> 
P= pW al tole | OO 
Pee) ) ike. pr 


are the price n-vector of the n-goods. 
AAU ..U AL= (a, )U...0(a2,) 
is called the input-output n-matrix. 
Ap =p thatis (I-A) p=0vVU...U0 
1.6. (,—A,) pp U-.» UU, —A,) p, =O... V0. 


Thus A is an exchange n-matrix then Ap = p always has a 


nontrivial n-solution p = p; U ... U py», whose entries are 
nonnegative. Let A be the exchange n-matrix such that for some 
n-positive integers (m);, ..., m,) all the entries of 


A™ =A" U...UA'" are positive. Then there is exactly only 
one linearly n-independent solution of (I- A)jp=0U...U0 
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and that it may be chosen such that all of its entries are positive 
in Leontief open production n-model. 

Thus the model provides at a time i.e. simultaneously the 
price n-vector 1.e. the price vector of each of the n-goods. When 
n = | we see the structure corresponds to the Leontief open 
model. When n = 2 we get the Leontief economic bi models. 
This n-model is useful when the industry manufactures more 
than one goods and it not only saves time and economy but it 
renders itself stage by stage comparison of the price n-vector 
which is given by p=p; U... U Pn. 

Now we proceed onto describe the S-Leontief open n-model 
using n-matrices. 

In reality we may not always have the exchange n-matrix A 
=A,U...UAn= (a;;)U...U(a}, ), a; 20. For it can also be 
both positive or negative. Thus in S-Leontief closed (input - 
output) n-model we do not demand Pi > 0, Di can be negative 


also in the n-matrix A= A; U... UA, = a Je20G. ) 


where ai +... +ax #1 for every t = 1, 2, ..., n. i.e. we permit 


a; ;, to be both positive and negative, the only adjustment will 


be, we may not have (I— A)p=0 WU... U 0 to have only one n- 
linearly independent solution, we may have more than one and 
we will have to choose only the best solution which will be 
helpful to the economy of the nation. The best by no means 
should favour in the interrelation high prices but a medium price 
with most satisfactory outputs and best catering to the demands 
as it is an economic n-model. 

So n-matrices will be highly helpful and out of one set of 
solution which will have n-components associated with the 
exchange n-matrix A = A; U... U Ay, we have to pick up from 
the nontrivial solution p; = p; U ... U py the best suited p;’s and 
once again finda p’=p; U... Up! with the estimated p,’s from 


the earlier p remain as zero and choose the best pj for the 


solution p’ and so on. The final p = py U... U pp will be filled 
with the best p;’s and p;’s and so on. 
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Thus the solution would be the best suited solution of the 
economic model. 

The difference between Leontief closed or input output n- 
model and the S-Leontief closed or input output economic n- 
model is that in the Leontief model there is only one 
independent solution where as in the S-Leontief closed input 
output economic n model we can choose the best solution from 
the set of solutions so that best solution also may vary from 
person to person for what is best for one may not be best for the 
other that too when it describes the interrelations between 
prices, outputs and demands in an economic n-model. 

Now we briefly describe the Leontief open production n- 
model. In contrast with Leontief closed n-model here the n-set 
of or n-tuple of industries say (Kj, ..., K,) where output of K; 
industries are distributed only among themselves the open n 
model attempts to satisfy an outside demand for the n-outputs, 
true fori = 1, 2, ..., n. Portions of these n-outputs may still be 
distributed among the (Kj, ..., K,) set of industries themselves 
to keep them operating, but there is to be some excess some net 
production with which to satisfy the outside demand. 

In the closed n-model the n-outputs of the industries were 
fixed and the objective was to determine the n-prices for these 
n-outputs so that the equilibrium condition that expenditures 
equal income was satisfied. 


x! = monetary value of the i," industry from the t™ unit ice. 


we have 
K, = industries in the first unit denoted by c, 
K, = industries in the second unit denoted by c» 


K,= industries in the t" unit denoted by ¢ 
and so on 
K,,— industries in the n™ unit denoted by cp. 


di — monetary value of the output of the i," industry need 


to satisfy the outside demand. 


6, — monetary value of the output of the ic” industry 


needed by the j,"" industry to produce one unit of monetary value 
of its own profit. 
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This is true for every t; t= 1, 2, ..., n. With these qualities 
we define the n-production vector which is a n-vector. 


— 
i=) 


a x xX, 
5 tno CO ee Oe: et |e a 28 ea eee eo ee 
1 2 n 
Xx, XK, XK, 
the n-demand vector which is a n-vector, 
di d; 
1 1 
dd OU dg | oh Pea 4 
1 n 
di, dx. 
and the n-consumption matrix which is a n matrix 
C=C;U...UCy 
i 1 1 n 
01, On Oi, 07, Op Oik, 
O: Oo: oy rane Oo ren 
21 22 2K 
= Ilo YU 2) 22 2Kn 
1 1 1 n n n 
Ox, Ok. «+ Oxx, Ox1 OK. «+ SKK, 


We have x 2>0U... U0LeExX =x, U... UX, 2Z0U0YU... UD," 
d>0vuU...U0ie. d=d,U...Ud,20U...U0andc>O0U 
. UOLeEcH=Cc;}hUQU...UcC,20U...U0. 


From the definition of Gi. and xX; it can be seen that the 


: t ft t t t : ‘th 
quantity 0, |X, +0;,X,+...+0;,, is the value of the 1, 


industry of the t" unit needed for all K, industries to produce a 
total output specified by the production component vector 


x' =x, U...X, of the n-vector. x = x; UX) U... UX. This is 


true for each t; t= 1, 2, ..., n. Since the quantity is simply the 
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:th 


i, entry of the t" unit column n vector c,x' we can further say 


that the i,” entry of the column vector x'— c¢.x' is the value of the 


excess output of the ts industry available to satisfy the outside 


demand for t = 1, 2, ..., n. Thus the excess n-output of the (1, 
..5 In) industry is given by the n-column vector 


X —CX =X'-¢,x'U...Ux"—c,x". The value of the outside 
demand for the n output (i,,...,i,) is the (c,,...,c,)" entry of 
the demand vector d=d, U... Ud, . Consequently, we are led 
to the following equation. 


X—-¢ex =x'-¢,x'U...Ux"-c, x"=d,U...Ud, 
(I-c)x=d 
(I, — 1) x! UU... U (In — Cy)X" = dy gig BD d.. 


for the demand to be exactly met without any surplus or 
shortages. Thus given c and d our objective is to find a 
production n-vector kx = xj U... UX, 20U... U 0 which 
satisfies the n-equation (I —c) x =d (I; —¢)) x} U... U (in — Cy) 
XpHdU...Ud. 

The consumption n-matrix c = c; U... U cy 1s said to be n- 
productive if (1—c)'=(1—¢,))'U... U(1—c,) | exists and (1 
—c)'>0U... U0. A consumption n-matrix c = c; U ... U ey is 
productive if and only if there is some production n-vector x = 
Ry Wi R, ZOU... O such that x > cxixy UW nn. Ox, SOR] 
es GR, 


A consumption n-matrix is productive if each of the n-row 
sums is less than one. A consumption n-matrix is n-productive 
if each of its column sum is less than one. 

Now we will formulate the Smarandache analogue for this, 
at the outset we will justify why we need an analogue for the 
open or production n-model. 

In the Leontief open n-model we may assume also x < 0, or 
d < 0 and or c < 0. For in the opinion of the author we may not 
in reality have the monetary total output to be always a positive 
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quantity for all industries and similar arguments for d,’s and 
C;, ‘S. 

When we permit negative values the corresponding 
production n-vector will be redefined as S-production n-vector 
the demand n-vector as S-demand n-vector and the consumption 
n-matrix as S-consumption n-matrix. Under these assumptions 
we may have different sets of conditions. 

We say n-productive if (1 — c)' > 0 and non n-productive or 
not upto satisfaction if (1 —c)' <0. 

Now we have given some application of these n-matrices to 
industrial problems. 

Finally it has become pertinent here to mention that in the 
consumption n matrices a particular industry or many industries 
can be used in several or more than one consumption matrix. So 
in this situation only the open Leontief n-model will serve it 
purpose. Also we can study the performance such industries 
which is in several groups i.e. in several c;’s. One can also 
simultaneously study the group in which an industry has the 
best performance also the group in which it has the worst 
performance. In such situation only this model is handy. 
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Chapter Four 


SUGGESTED PROBLEMS 


In this chapter we suggest some problems for the readers. 
Solving these problems will be a great help to understand the 
notions given in this book. 


1. 


Find all p-subspaces of the n-vector space V = V; UV, 
U V3 U V4 where n = 4 and p <4 over Q. 


{: b ;) 
Vi= 

ec d f 
V2 =(QxQ x Q x Q) over Q, 


V3 = {Q[x] contains only polynomials of degree less than or 
equal to 6 with coefficients from Q} and 


Vy a bed b he 
= a,b,....g,hEeQs. 
PO Me fe age . 


What is the 4-dimension of V? Find a 4 basis of V. 


smedsred| 


Let V=V, UV2U V3 and W = W, U W2 U W3 U Wg be 3 
vector space and 4 vector space over the field Q of 3 
dimension (3, 2, 4) and 4 dimension (5, 3, 4, 2) respectively. 
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Find a 3 linear transformation from V to W. Also find a 
shrinking 3 linear transformation from V into W. 


Let V=V, U V2 U V3 and W = W; U W2 U W;j be 3-vector 
spaces of dimensions (4, 2, 3) and (3, 5, 4) respectively 
defined over Q. Find the 3 linear transformation from V to 
W. What is the 3 dimension of the 3-vector space of all 3 
linear transformation from V into W? 


Let V = V; UV2 U V3 U Vy be a 4-vector space defined 
over Q of dimension (3, 4, 2, 1). Give a 4 linear operator T 
on V. 

Verify: 4 rank T + 4 nullity T=n dim V = (3, 4, 2, 1). 


Define T: V > W be a 4 linear operator where V = V; U V2 
UV3 UV, and W = W, UW. UW; UW, with 4- 
dimension (3, 2, 4, 5) and (4, 3, 5, 2) respectively, such that 
4 kerT is a 4-dimensional subspace of V. Verify 4 rank T + 
4 nullily T = 4 dim V = (3, 2, 4, 5). 


Explicitly describe the n-vector space of  n-linear 
transformations L" (V,W) of V = V; U V2 U V3 into W = 
W, U W2 U W3 U W, over Q of 3-dimension (3, 2, 4) and 
4-dimension (4, 3, 2, 5) respectively. 


What is n-dimension of L" (V,W) given in the problem 6? 


For T = T; UT, UT3 defined for V and W given in 
problem 6; T, : V; ~ W3, T; (x y z) = (x + y, y + z) for all 
x, y, Z € Vy, T2 : V2 > W>? defined by T> (x;, yi) = (Ki + y1, 
2y1, y1) for all X1, Yi, € V> and T3: V3 —2 Wa defined by T3 
(a, b,c, d)=(a+b,b+c,c+d,d+a,a+b +d) for all a, b, 
c,d € V3. Prove 3 rank T + 3 nullity T= dim V = (3, 2, 4). 


Let V = V; UV2 U V3 U V4 be a 4 vector space over Q, 


where Vj =Q x*QxQ, V2 =Qx*QxQxQ, V3=QxQ, 
Vs=QOxQxQxQxQ, T=T/UTJVUTJVUT!:VoOV 


104 


10. 


11. 


12. 


13. 


14. 


1A; 


16. 


17. 


18. 


19. 


T/: V; > Vi i= 1, 2, 3, 4. 

Define two distinct 4 transformations T' and T? and find T' 
oT’ and T’oT'. 

Give an example of a special linear 6-transformation T = T, 
UT, U...U Ts of V into W where V and W are 6 vector 
space of same 6 dimension. 

Let T: V > W where 3-dim V = (3, 7, 8) and 3-dim W = 
(8, 3, 7). Give an example of T and find T’. Define T only 
as a 3 linear transformation for which T"' cannot be found. 


Derive for a n-vector space the Gram-Schmidt n- 
orthogonalization process. 


Prove every finite n-dimensional inner product n-space has 
an n-orthonormal basis. 


Give an example of a 4-orthogonal matrix. 
Give an example of a 5-anitorthogonal matrix. 
Give an example of a 7-semi orthogonal matrix. 


Give an example of a 5-semi antiorthogonal matrix. 


3 1 8 
3: 10 2 1 11 1 =+0 0 1 1 
1 161 2002 1 1 oO 1 
Is A= U U a 
02 0 1 0 123 4 0 1 4 
1 0 5 O ” 6. 7-0. 12 -1 0 1 
1 1 0 


3-semi orthogonal 3 matrix? 


Find the 4-eigen values, 4-eigen vectors of A = A; U Ap 
U A3 U Ag = 
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20. 


PA 


22; 


23% 


24. 


25: 


0 12 3 6 
3 0 1 0 
3 0 1 02 10 2 
0 4 1 3 5 
UO 1 4]U W100 2 L 1 
Or: '0.. 0 
O:-“O> <3 001 0 0 
| ee a ne 0) 
Ov 0.00: “SS 


Find the 4-minimal polynomial and the 4-characteristic 
polynomial associated with A. Is A a diagonalizable 
transformation? Justify your claim. 


Give an example of 5-linear transformation on V = V; U V2 
U ... U Vs which is not a 5-linear operator on V. 


Let V = V; U V2 U V3 be a 3-vector space over the field Q 
of finite (5, 3, 2) dimension over Q. Give a special 3 linear 
operator on V. Give a 3 linear transformation on V which is 
not a special linear operator on V. 


Define a 3-innerproduct on V given in the above problem 
and construct a normal 3 linear operator T on V such that 
T*T =TT*. 


Let V=V; UV2U V3 U Vy be a 4-vector space of (3, 5, 2, 
4) dimension over Q. Find a 4-linear operator T on V so that 
the 4-minimal polynomial of T is the same as 4- 
characteristic polynomial of T. Give a 4-linear operator U 
on V so that the 4-minimal polynomial is different from the 
4-characteristic polynomial. 


Let V=V,; UV2 U V3 U V4 U Vs be a 5-vector space over 
Q of (2, 3, 4, 5, 6) dimension over Q. Construct a linear 
operator T on V so that T is 5-diagonalizable. 


Let V = V; UV2 U V3 U Vy be a 4-vector space over Q. 


Define a suitable T and find the n-monic generator of the 4- 
ideals of the polynomials over Q which 4-annihilate T. 
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26. 


Zs 


28. 


29: 


30. 


Prove or disprove every 4-linear operator T on V need not 
4-annihulate T. 


State and prove the Cayley Hamilton theorem for n-linear 
operator on a n-vector space V. 


Let V=V,; UV2U V3 U V4 U Vs be a 5-vector space over 
Q of (2, 4, 6, 3, 5) dimension over Q. Give a 5-basis of V so 
that Cayley Hamilton Theorem is true. Is Cayley Hamilton 
Theorem true for every set of 5-basis of V? Justify your 
claim. 


Given V=V,;U V2 U V3 U Vj is a 4-vector space over Q of 
dimension (3, 7, 4, 2). Construct a T, a 4 linear operator on 
V so that V has a 4-subspace 4-invariat under T. Does V 
have any 4-linear operator T and a non-trivial 4-subspace W 
so that W is 4-invariant under T? Justify your answer. 


Let V=V,; UV2U V3 U V4U Vs be a 5-vector space of (2, 
4, 5, 3, 7) dimension over Q. Construct a 5-linear operator 
V on T so that the 5-minimal polynomial associated with T 
is linearly factorizable. Find a T on V so that the 5-minimal 
polynomial does not factor linearly over Q. 


Let V = V,; UV, U V3 be a 3-vector space of (2, 4, 3) 
dimension over Q. Find L’ (V, V) the set of all 3-linear 
transformations on V. Suppose L,(V,V)is the set of all 
special 3-linear transformations on V. 


Prove Li (V, V) CL*(V, V). 

What is the 3-dimension of L’ (V, V)? 

What is the 3-dimension of Ly (V, V)? 

Find a set of 3-orthogonal 3 basis for Ly (V, V). 

Find a set of 3-orthonormal 3-basis for L’ (V, V) 

Find a T: V > V, T only a 3-linear transformation 


which has a nontrivial 3-null space. 
g. Find the 3-rank T of that is given in (6) 


moenaos fp 
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31. 


32s 


33. 


34. 


h. Can any T €L% (V, V) have nontrivial 3-null space? 


Justify your answer. 
i. Define a 3-unitary operator on V. 
j. Define a 3-normal operator on V which not 3-unitary. 


Let V and W be two 6-inner product spaces of same 
dimension (W # V) defined over the same field F. Define a 
T linear operator from V into W which preserves inner 
products by taking (3, 4, 6, 2, 1, 5) to be the dimension of V 
and (6, 5, 4, 2, 3, 1) is the dimension of W. 

Does every T € L® (V, W) preserve inner product? Justify 
your claim. 


Given V = V; U V2 U V3 1s a (4, 5, 3) dimensional 3-vector 
space over Q. Give an example of a 3-linear operator T on 
V which is 3-diagonalizable. Does their exist a 3-linear 
operator T’ on V such that T’is not 3 diagonalizable? 
Justify your answer. 


Let V = V,; UV2 UV3 UV4 UVS be a (3, 4, >; 2; 6) 
dimension 5-vector space over Q. Define a 5 linear operator 
T on V and decompose it into the 5-nilpotent operator and 
5-diagonal operator. 


a. Does there exist a 5-linear operator T on V such that 
the 5-diagonal part is zero, i.e., the operator T is 
nilpotent? 

b. Does there exist a 5-linear operator P on V such that it 
is completely 5-diagonal and the 5-nilpotent part of it 


is Zero. 

c. Give examples of the above mentioned 5-operator in 
(1) and (2) 

d. What is the form of the 5-minimal polynomial in case 
of (1) and (2)? 


Define for a n-vector space V over a field F the notion of n- 
independent n-subspaces of V. Give an example when n = 
4. 
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3: 


36. 


eit 


38. 


39. 


40. 


Let V= V; UV2 U... U Ve be a 6-vector space over Q. 
Define a 6-linear operator E on V such that E* = E. 


Let V=V, UV2 U V3 U V4 be a 4-vector space over Q of 
(3, 4, 5, 2) dimension. Suppose V = (Ww; ® W;) 


(W; © W; @ W; )U(W; ® W; @ W; )U( Ws @ Wy), 
Define 4-linear operators, E, UE; UE; WES 1=1,2;j=1, 
2, 3; k = 1, 2, 3 and m = 1, 2 such that each is is a 


projection, 1= 1, 2,3, 4 and 
. |=O0ifpsyj 
1B! | 


pj 


=E) if p=}. 


Prove if T is any 4-linear operator on V then TE; = E'T 


for 1 = 1,2, 3,4.) = 1, 2 or 1, 2, 3 or 1, 2, for the V given in 
the problem 36. 


Given V=V, UV2,U V3 U V4 U Vs to be a 5-vector space 
over Q of (2, 3, 4, 5, 6) dimension. Define T a linear 
operator on V and find the 5 minimal polynomial for T. Is 
every 5-subspace of V_ related with the 5-minimal 
polynomials i.e. the 5-null space of the minimal 
polynomials invariant under T? 

Obtain the 5-nilpotent and 5-diagonalizable operator N and 
D respectively so that T= N+D. 

Verify ND = DN for the same N and D of T. 


If T is a 7-linear operator on V = V; UV2 UU... U V7 of (3, 
2,5, 1, 6, 4, 7) dimension over Q. Is the generalized Cayley 
Hamilton Theorem true for T? 


Prove for a 3-vector spaces V = V; U V2 U V3 of (3, 4, 2) 
dimension over Q and W = W, U W, U W; of dimension 
(4, 5, 3) over Q if T is any 3 linear transformation find the 3 
matrix associated with T. Find the 3-adjoint of T. 
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41. 


A? 


AD 


44. 


45. 


For any n-linear transformation T of a n vector space V = 
V, UV. U.. UV, of dimension (nj), ny, ...,,) into a m- 
vector space W (m>n) of dimension (m,, mo, ..., Mm) Over 
Q. Prove there exists a n-matrix A = (A; UA) U... UA,) 
which is related to T. Prove L" (V, W) = {set of all n- 
matrices A; U Ay U...U A, where each Aj is a nj xX m; 
matrix with entries from Q}. 


If V=V,; UV, U... U Vy is a n-vector space over the field 
F of (nj, no,..., Nn) dimension. If T : V > V is such that T; : 
Vi> Vi i= 1,2, ...,n. Show L> (V, V) = {All n-mixed 
square matrices A = (A; U Az U... U A,) where Aj is a n; x 
n; matrix with entries from F}. 


Define n-norm on V an inner product space and is it 
possible to prove the Cauchy Schwarz inequality? 


Derive Gram-Schmidt orthogonalization process for a n- 
vector space V with an inner product for a n-set of n- 
independent vectors in V. 


Let V be a n-inner product space over F. W a finite 
dimensional n-subspace of V. Suppose E is a n orthogonal 
projection of V on W, with E an n-idempotent n-linear 
transformation of V onto W. W~ the n-null space of E. 
Prove V=W @® W’. 
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